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Abstract

In this study we investigate the internal variability of the ocean circulation
under a stochastic perturbation of the freshwater flux. The ocean model
we use in this study is a simple geostrophic model, which consists of a
perfectly isolated rectangular basin with twelve layers in the vertical. At the
surface mixed boundary conditions are applied, i.c. a restoring condition for
temperature and a prescribed freshwater flux. If a stochastic perturbation
is added to the freshwater lux the behaviour of the system displays an
oscillating character with a characteristic period in the order of 100 years.

Analysis of the dynamical behaviour of the system indicates that besides
stable also unstable equilibria are iinportant for the time evolution of the
model. The most important physical process for the variability in the ther-
mohaline circulation is the process of deep water formation. This process
appears to be sensitive to perturbations of the freshwater. At decadal time
scales the freshwater flux strongly determines the variations in the process
of deep water formation. On longer time scales the internal dynamics of
the ocean model becomes more important. This rather strong influence of
small perturbations of the freshwater emphasize the need for a more careful
description of the hydrological cycle in the occan-atmosphere systen.

The characteristic time scale of about 100 years appears to be related
to diffusive processes controlling temperature variations in the deep ocean.
A more detailed study to investigate the temperature variations in the deep

ocean is however necessary.
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Chapter 1

Introduction

During the last decades there is a growing interest in the possible influence of
human activity on climate change. Especially the issue of "global warming”
has received much attention. The climate system however contains a sub-
stantial amount of natural variability. Therefore iv remains unclear, whether
changes in the climate, past or future, are due to human activities or to this
natural variability. Our knowledge about this natural variability on decadal
or longer time scales is rather poor. Almost all instrumental records are
generally shorter than 100 years and not so accurate as one would like them
to be. So the major difficulty on this time scale range is the insufficient data
base. In order to try to understand however the basic physics of this natural
variability a lot of rescarch using computer models has been done.(sce [9],
(10], [11], [12], [13]. [19] and [20])

The climate system can roughly be divided into two components, i.c.
the atmosphere and the ocean. These two components can of course not be
considered as two completely separated systems. The ocean and atmosphere
are coupled and several feedback mechanisms exist between them. On a
short time scale of about a few days the influence of the the ocean onto
the atmosphere can be considered to be constant. Thereby making the use
of constant. sea surface temperatures (SST) in weather prediction models
possible. On longer time scales however the feedback mechanisms between
the ocean and the atmosphere become important. Climate models therefore
must contain an atmospheric as well as an oceanic component. State of the
art. climate models require large computer resources making long runs over
hundreds or thousands of years, which are needed for clitnate simulations,
very expensive. At present only a small number of elimate integrations in



the order of 1000 years has been performed at a few research centers in the
world. Apart from the enormous computer resources reqguired the problems
in analyzing the results of these experiments are also tremendous. Therefore
a hierarchy of climate models has heen developed ranging from state of the
art climate models to energy balance models in which the dynamics of the
ocean and the atmosphere are reduced to simple diffusive processes.

The ocean is characterized by large heat capacity and large character-
istic time scales, therefore it is assumed that a large part of the internal
variability of the climate system on decadal and centennial time scales can
be attributed to the internal variability of the ocean. In order to investigate
the natural variability of the ocean simple models, which only contain an
oceanic cotnponent, have been developed. The ocean circulation is driven
by wind forcing and density differences. The atmosphere generates density
differences in the ocean by the exchange of heat and freshwater, which af-
fect respectively the heat and salinity distributions in the ocean. In ocean
models this is parameterized by prescribing boundary conditions.

The heat exchange between the ocean and atmosphere is usually pre-
scribed by linear relaxation of the sea surface temperature to a preseribed
temperature distribution. This prescribed temperature distribution is often
assumed to be constant in thime and only spatial variations are taken into
account.  The magnitude of the occan-atmospheric heat exchange is then
determined by the difference between this temperature distribution and the
sca surface temperature. The freshwater flux, precipitation minus evapora-
tion, is usually assumed to be constant in time and independent of the state
of the ocean. The atmospheric foreing onto the ocean is however continu-
ously varying. Apart from the scasonal cycle the ocean and atmosphere are
interacting with each other on small space and time scales. Several Studies
(see [5], 11, [17] and [18]), have shown, that the behaviour of an ocean
model is very sensitive to small perturbations in the freshwater flux.

In certain polar arcas the surface waters are so strongly cooled that they
sink to the bottom of the ocean. This process of deep water formation
affects the density distribution in the ocean and generates among others
warm currents like the Gulf Stream to which Europe owes its mild climate.
The deep water formation can however casily be interrupted by an additional
freshwater flux which makes the surface waters Tess dense. Likewise deep
water formation can be triggered by a smaller than normal freshwater flux.

To account for the time dependence of the freshwater flux, at least qual-
itatively, a stochastic component will be added. Tt is hoped that in first
order this stochastic forcing deseribes the effect of the high frequency mid-



atitude eyvelones, which have a characteristic time scale in the order of 5
days. Whether this represents a more realistic desceription of the freshwa-
ter flux is could be questioned. For instance the effect of the sea surface
temperature distribution on the location and intensity of the midlatitude
cyclones is not taken into account. Tt is however hoped that the inclusion
of a stochastic forcing will increase the understanding of the oceanie com-
ponent and that this will also be relevant for understanding the coupled
ocean-atimosphere system. In this report the effect of this stochastic per-
turbation on the natural variability of the ocean circulation will be studied.
Especially the physical principles, which are important for this variability
will be investigated in detail.

In chapter 2 a simple stochastic theory is used to investigate the theo-
retical influence of the atinosphere onto the ocean circulation. The ocean
model, which will be used in this investigation is described in chapter 3. All
boundary conditions are defined and the stochastic component of the fresh-
water flux is introduced. Tn chapter 4 an attempt is made to give a phase
space description of the natural variability generated by this model. The
physical processes, which are important for this variability are investigated
in detail in chapter 5. ITn chapter 6 the main conclusions are summarized.



Chapter 2

Stochastic climate models

In order to investigate the influence of the atmosphere onto the occan circu-
lation a theory about simple stochastic climate models is considered. For this
purpose the total climate system is divided into a rapidly varying " weather”
system and a slowly responding "climate” system.  The influence of the
“weather” components onto the “climate” system is described through ran-
dom forcing terms. Whereas the climate variability can be considered to be
the integrated signal of these short period excitations.

2.1 Introduction

n the theory about stochastic climate models as described in Hasselmann [2]
a fow basic assumptions arc made. First we assumne, that we have a set of
equations, which completely describes the evolution of the whole system, te.
that we have a set of equations, which describes the large scale processes,
such as the thermohaline circulation, sea surface temperature (SS'T), as well
as the small scale processes, such as cloudiness, rainfall, ete. , on all time
scales exactly.
The equation governing the evolution of the system is given by
dz;
!
where o is, in general, a complicated nonlinear function of 2.
The second assumption is that we can divide the total system into two

— wi(z), (2.1)

subsystems, i.c.
dr,
dt

= u(r,y) (2.2)
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dy;
dit

-
—

1y,
Y = o< Ty = ()(]/7(%)_1). (2.1)

dr;

with O, 7
dl

The constant. 7, (75,) is an estimate of the time scale of the phenomena
associated with the variable o (y).

Changes in the atmosphere usually take place on short time scales of
about a few days, in contrast to changes in the ocean, which act on time
scales ol months, years, decades or even longer. In general condition ( 2.1)
will thus be fulfilled.

Most of the derivations are omitted in this paragraph and are given in

Appendix A.

2.1.1 Linear case, 7, < [ < 1,

We first assume that 7, < t < 7, which implies that we are able to neglect
the influence of feedback mechanisms. From now on it will be assumed
that ergodicity holds, so that ensemble averaging and time averaging are
equivalent,.

If we start from an initial climate state g, the relative change of the
actual climate state y(¢) to yy is given by dy = y{l) - yo. This relative
change can be divided into a mean and a fluctuating term, i.e.

oy = (Oy) + oy, (2.5)

where (...} denotes the ensemble average over the variable .

This decomposition is known as the Reynolds decomposition (see [15]).
We here consider the case that § < 7,0 which makes it possible to regard
y as a constant in the forcing term on the right hand side of ( 2.3). By
substituting the Reynolds decomposition in ( 2.3) and taking the ensemble

average, we gel
d{dy:) o 0
— = = {vilx,m))- (2.6)
df
By subtracting this equation from { 2.3) we obtain a differential equation

for the fluctuating term, ie.

doy!
di

where (01) = 0 and 8y, = 0 for t=0.

~1



The statistics of v/(¢) are defined through the statistics of the weather
variables x(1), because we take the ensemble average over x for fixed yo. 1t
is assumed that x(t), and therefore vi(U), represents a stationary random
process’

The cross spectruny, Fyj(w), of vj(t) is defined as

Fijlw) = (Vi{w)Vj (w)). (2.8)

where Vi (w) denotes the Fourier transform of v (¢) and * the complex conju-
gate. ’17’(1,) represents a stationary process and therefore the cross spectrum
is equivalent to

1 o :
Fijlw) = g/ Py(r)e= " dr, (2.9)
J 00

with Pj(1) = (uj(t + m)v;(1)).
By solving equation { 2.7) in the Fourier domain we are able to calculate
the cross spectrum of dyj (L), Gij(w), yielding

Fii(w)

Giilw) = 55— (w#0). (2.10)

[y4

In reality there exists a cut-off time lag O(7,) such that P;(7) = 0 for 7 >
7., which means that for frequencies w < 77! the exponential in ( 2.9) can
be set to one, so that Fyj(w) = F5;(0). We can therefore replace equation 2.10
by

Gijlw) = L= (7' <wT) (2.11)

In most climate applications the response will lie in the low frequency range
w < 77", where the input can be regarded as white and equation ( 2.11)
is applicable. We find thus here that white noise results in a red response
spectruin.

From ( 2.7) we can also obtain the deviation covariance of §y/

{(5;{/?(5;1/3} = 27wt1%5(0). (2.12)

This relationship is called the dispersion relationship and has also been
found by Hinze [3]. The covariance grows linear in time, which means that
the covariance becomes very large as . becomes very large. This is of course
not very realistic, because this would mean that ice-age amplitudes could
occur within time periods in the order of a century, which is clearly in

contradiction with reality.

'stationary means that the probability density distribution is independent of time



2.1.2 Linear feedback, t = O(r,)

The above found equations can therefore only be valid if t < 7, and in
climate studies one is usually interested in longer time scales. So far we
neglected the influence of feedback mechanisms, which are present in the
climate system and if we want to look at times, which are O(7,), we have to
take them into account. We therefore need a new set of equations to describe
the evolution of the system. The variable v represents a random variable
and therefore a differential equation for the probability density distribution,
ply, 1), of the climatic states y should be derived. This differential equation
can be obtained by expanding the so-called Master equation (see [7]). To
construct an analytical solution for an arbitrary nonlinear climate model
will however normally not be possible.

For the special case of small excursions of the climatic states around an
stable equilibrium state y=0 the solution can be derived analytically. In
this case the evolution of the system can then be described by a so-called

Langevin equation,

dy; , o 1
7,% Vijyj -+ v; (2.13)
with y({) = wyo at L =0.

The matrix V;; must be negative definite, because of the assumption that
we have a stable equilibrium point.

Tt can be shown that in this case the Langevin equation is equivalent
to the Fokker-Planck equation (see [7]). Like before we want to know the
cross spectrum and this time we take the cross spectrum of y(t), because
we have a system with fluctuations around a stable equilibrium y=0. Tf we,
for simplicity reasons, assume that Vis a diagonal matrix with A; on the

diagonal, we get for the cross spectrim

(2.1.1)

Fi; (0
(;7,]“‘)) - -](( )

(w + 7:/\1‘\) W — Z')\j‘).

Il we compare this to ( 2.11) we see that for large w the behavior is identically
to that in the linear case. This is logical, because for large w it holds that
t << 7,. For smallw, thus £ = O(7,), we find that the cross spectruny remains
bounded.

The deviation covariance, which is now defined as [11/1’-;1/"1-] = (s — vy —
y;0)], also remains bounded, which is in accordance with expectations.

[...] denotes the ensemble average over the variable y.

9



Chapter 3

Model description

The theoretical approach, which was followed in the previous chapter, pre-
dicted that the natural variability of the ocean takes place on all possible
tite scales. Tn the remainder of this investigation a simple ocean general cir-
culation model will be used to test, whether this kind of variability can also
be established numerically. The model contains only a oceanic component
and the influence of the atmosphere onto the ocean is described through
boundary conditions, thereby neglecting the several feedback mechanisins,
which are present in the real climate system. The wind stress is prescribed
and assumed to be constant in time, whereas the heat exchange between
ocean and atmosphere is parameterized by linear relaxation. The freshwa-
ter flux is also prescribed and assumed to be constant in time. The ocean
and atmosphere are however continuously interacting and so the atmospheric
forcing onto the ocean is never steady. As a first approximation of the time
dependence of the atmospherie forcing a stochastic component is added to

the freshwater flux.

3.1 Introduction of the model

The model is a 3-dimensional geostrophic model, which was developed by
Lenderink and Haarsma and is deseribed in Lenderink  [9]. Here only the
main characteristics of the model are described. Tor details the reader is
referred to Lenderink  [9]. The model consists of a rectangular bDasin with
longitudinal extension L and latitudinal extension M, in which the curva-
ture of the carth and the bottom topography of the ocean are absent. This
idealized ocean is centered around 45% N and consists of 12 layers in the ver-



tical with varying thickness. In cach layer the temperature ('), salinity (S)
and velocity distributions are allowed to vary continuously in the horizontal.
but are assumed to be independent of the depth. In addition geostrophy is
asstimed, which implies a balance between the coriolis force and pressure
gradient force. By assumming geostrophy the fast modes of the ocean, such
as Kelvin waves, are filtered out. On a climatic thme scale these fast. waves
are assumed to be unimportant. The windstress acts on the surface. At
the surface a rigid lid approximation is made, which means that surface dis-
placements are neglected in the continuity equation. The model is relatively
stimple, but gives fairly realistic solutions. Tt can easily be used for long term

integrations.

3.2 The model equations

The model equations are the Navier-Stokes equations along with the con-
servation equations for heat, salinity and mass and an equation of state (see
Appendix B). In first order sca-water is incompressible and so the density,
p, can be taken constant in the continuity-equation, yielding

Using the assumption that the velocity distribution in a layer is independent
of the depth we can integrate over the depth of a layer, which gives

w1 = th'z : ’171 (32)
wi = Vet 4+ wi i=2....,11 (3.3)
—Uu = ]levZ ' ’(72, (31)

where w; is the vertical veloeity from lTayer 141 to layer i

In this model the depth of the basin is taken to be much smaller than the
longitudinal and latitudinal extension of the basin. Fron scaling arguments
it follows that w < u,v. For the vertical momentum equation therefore
hydrostatic equilibrium is assumed, which implies a balance between the
vertical pressure gradient force and the gravity force (sce [1]),

Jp

0. — M (3.5)

Away from the boundaries geostrophy is assumed for the horizontal mo-
mentum equations, which means that the terim D /Dt is neglected. This

11



is & good approximation if the Rossby number, R = U/ fyl. < 1. Here L
is a spatial scale on which the velocity varies, U is a characteristic scaling
velocity and [y is the Coriolis parameter. A typical velocity of the ocean
is 10 cm/s and L = 10°m which yiclds R =~ 1072 and the approximation
is thus justifiable. Again using the assumption, that the velocity distribu-
tions are independent of the depth of a layer we can integrate the horizontal
momentum equations over the depth of a layer and get
Ju = —L(—)p—l — kgt v
IR heypo
o, = I P=2, 12
' m Ay
_Lam + (3.6)
pm Jy hapo
] ()[)j

—fu, = —
foi po Dy

where [ is the coriolis force and 7 is the windstress. Here the assumption is
made that the depth of the Ekman spiral is less than the depth of the first
laver. For the coriolis force the S-plane approximation is used (sce [1])

fy)y = Jo + By, (3.7)

where fy = 10747 and 4 = 2,107 "m~ s~ which are the approximate
values at 45°N and y is the poleward distance. Tn the momentum equation
for v a linear friction term, which is called the Stommel-friction, is included
to generate a boundary current, which closes the circulation. The parame-
ter w, determines the strength of the friction. Friction between layers and
molecular viscosity are neglected.

Integration of the equation of conservation of salinity over the depth of

a layer gives

N ) 7 - | |
(‘)/1 TVl S = Sy VS B B
(‘)qu — - . 5 ¢

77 + Ny (1 S)) + (ST —wSHY hy o = Rk VS + B

(

1 =2,.... 11

8. o ;, | :

(«),12 EVy (i Sy w ST — K VIS, 4 B (38)

where ry is a horizontal diffusion coeflicient, fTJ,‘:" symbolizes the effect of
vertical diffusion and convection and @' represents the salinity forcing of

12



the atmosphere. Convection occurs when the vertical stratification of the

layers is unstable. ST is defined as

gr — SI if << 0
I S, if wy > 0.

This can be considered as an upwind differencing scheme. 'The other vari-

ables with a star are equally defined. The derivation of the heat equations

is equivalent to that of the salinity equations

or | ) )
7/1 + Vo) — w17y — VI 4+ B 4 D
J1 Lo ok - . .
9l + Vo - (1) (i T — w17 b = kR VT, + By
t=2,...,11
(‘),/‘12 0T T . 2rp P 2 ()
Y + Vo - (deTy) w1 By = V2, 0l (3.9)

where again ®1i symbolizes the effect of vertical diffusion and ®I represents
the atmospheric forcing. The variables with a star are determined in the
same way as for salinity.

The equation of state is approximated by

p = py + agS + (1’1-('1'*']'*)2, (3.10)

with g = 0.7739 kg =% per promille, «p = 0.00171 kg m 3K T
= 206512 K and py = 1001.3263 kg 3. The units of T and S are Kelvin
and PSU(promille) respectively. Tn this approximation we assuine, that the
density of sca-water is independent of the pressure.

3.2.1 Boundary conditions

The velocities normal to the boundaries are zero
w-n = 0, (3.11)

where 77 is the normal vector at the boundary. ‘The no-slip condition is not,
imposcd, which means that the velocity tangential to the boundary need not
to he zero. We also assume that we have a perfectly isolated basin without

any gain or loss of heat and salt across the boundary, 1.c.

V'_gS'ﬁ = V_)’I’vi = 0. (JIZ)

13



3.2.2 Values of parameters and forcing fields

The numerical implementation has been done by Lenderink and Haarsma
and is deseribed in Lenderink  [9]. The description of the numerical im-
plementation will be omitted here and only some numerical values will be
givei. The dimensions of the basin are 5000 by 5000 ki with a grid point
distance of 250 ki, The total depth is 1000 m and the basin is divided into
12 layers with thickness;

= 30, ha= 50, hy= 80, hy= 110, hy= 250, he= 350,

hr= 100, hg= 150, hg= 500, h = oz)( ) and f,H: hiy= 600 m.

The time step used in the experiments is & days, but for stability reasons
this time step is sometimes reduced to 2.5 days. The atmospheric forcing
term in equation 3.8 is determined by the precipitation minus evaporation
(P-E) rate. Tt can be transformed into a salt flux, by using the salt conser-
vation law for a layer with initial thickness by, salinity S; and a freshwater

flux rp_y, giving
})15'1 = (h‘l + .771),141‘()‘/,)(SV1 + (SS'). (-;1-;)

In first order this yiclds

()S] Syl,‘p,,; - S* rp_jp 314

Jl N ]I,l - }1,1 ’ ({ o )
where S* is the mean salinity of the layer. This salt flux can ecasily be
included in equation 3.8. The freshwater flux and hence the salt flux is
assumed to be independent of the state of the ocean. Tn the experiments
the salt flux is constant in time and the spatial variation is of the form

Yy -
— . 3. 18
) (3.15)

This boundary condition represents net evaporation near the equator and
net precipitation near the pole. For sy the value of 2.96 - 1078 PSU s~ is

<T)'; L= spcos(

chosen, which is equal to a maximum freshwater flux of 0.8 m/vear. This is
relatively weak compared to observations. An atmospheric forcing term also
appears in the heat equations, but deseribing this term by a constant heat
flux is not very realistic, because it would nmply that heat anamolies could
exist for a long period of time in the surface layer. A more appropriate
way Lo describe this term is through relaxation towards an atmospheric
temperature, making fast heat exchange between ocean and atmosphere
possible. be.

(I),(P - ”T(,lyn/m 71'1)- (.il())

11



The assumption is here, that the heat capacity of the atmosphere is un-
bounded. This is of course not very realistic. Nevertheless this boundary
condition will be used in this investigation. The atmospherie temperature
represents the idealized observed zonal averaged surface distributions and is
of the form /

Torm = Tl + (,-o.s(g—/"[’)y (3.17)

The constant, «, which represents the time scale of the relaxation, is cho-
sen to be 25 days and 715, is 28°C, yielding a 28°C equator to pole dif-
ference. This is a fairly moderate difference. The influence of sea-ice is
however neglected in the model, thereby making a larger difference impos-
sible. The combination of relaxation towards an atmospheric temperature
and a prescribed freshwater flux is called mixed boundary conditions. Tn
the heat as well as in the salinity equations the term @, represents the ef-
fect of vertical diffusion and convection. In the numerical implementation
the strength of the vertical diffusion is determined by the constant w, with
value 1-107* m2s™). The windstress 7 has only a zonal component and
roughly represents the observed climatological mean meridional distribution
of the zonal winds with westerlies in the midlatitudes and easterlies in the

subtropics, 1.c.

pofM 2y
VT’UJSU(J()H( i
where wyg is a constant with value 5 - 1077, which is equal to a surface
wind maximum of about 10 ms~". The horizontal diffusion coeflicient and

), (3.18)

T

the Stommel-friction coeflicient, #;, respectively rg, are 3-10% m?s™! and
11070 570

3.3 Some measuring tools

The ocean is a 3-dimensional system and to describe its evolution in time
it is uselul Lo have some T-dimensional or 2-dimensional quantities, which
represent characteristics of the system. In this report we will use:

V. Meridional overturning funclion
The meridional overturning function is a stream function, which can be
derived from the continuity equation using boundary condition ( 3.11),

/'l‘(()'ll N Jv N (',)u*) I /l‘(i)'ly N ﬂ)d:r .
( JO

roniis alieroie SlRUrep L 220 o :
Jo dr o Oy Oz dy  Jz

1.C.

15



We can now define the meridional overturning function @ by
Lo
Py, z) = / / vdkdr (3.19)
Jr=0Jk=¢

The minimum and the maximmnm of & are quantities, which are often

used 1o describe the behavior of the oceanie system.

2. Mevidional heal transport (MH'T)
The meridional heat transport is the zonal integrated heat transport
I g |
from equator to pole. Tt is mathematically defined as:

0 L
MHT(y) = / , / ; v-T - epdndz (3.20)
J=—N JIr=

where ¢, denotes the specific heat of water, which is 4.2-10% JK = 1in ™73,
The meridional mass, salt and volume transport are defined equiva-

lently.

3. Surface averaged heal fluz (SHI)
The surface averaged heat flux is defined as:

1 I M
SHI" = / / - (Tt — Tur g )did 3.21
LM .zt:t).y:o(I cr (Tatm -mf)“ Y ( )

Here L is the zonal and M the meridional extension of the ocean basin, ¢,
the specific heat of water and «; the relaxation time scale.

3.4 Spin-up

The spin-up experiment started from a homogencous ocean with a tempera-
ture of 7°C and a salinity of 35.00 PSU (promille) and lasted for about 2000
years of integration, which is long enough to reach an equilibrium state. This
equilibrium state is shown in figure 3.1. Tn the upper part of the ocean the
veloeity field (fig 3.1a) displays a clockwise gyre with a strong northward
flow along the western boundary and a somewhat weaker reversed flow in the
castern region. At greater depth water is slowly flowing southwards along
the western boundary. The temperature distribution (fig 3.1b) of the top
layer of the hasin is much alike the distribution of the atmospheric tempera-
ture dne Lo the strong relaxation towards the atinospheric temperature. At

16
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deeper levels the temperature shows the gyre structure of the velocivy field.
This gyre structure is also perceptible in the salinity distribution (fig 3.1¢).
In contrast to the temperature the gyre is also present in the salinity distri-
bution of the top layer.

One can further note that the western boundary region remains relatively
cool and fresh due to the large vertical velocity (fig 3.1d), which transports
cool and fresh deep oceanic water to the surface. We also see, that the
vertical velocity is much smaller than the horizontal velocity. This is in
accordance with our assmmptions (see section 3.2). If we look at the surface
heat finx (fig 3.1¢), we see, that the ocean takes up a large amount of heat
in the region near the equator and loses most of its heat in the convective
area, which occurs in the northeastern part of the ocean. The effect of
cooling near the poles is larger than the effect of precipitation, creating a
relatively high surface density, which results in an unstable stratification.
Deep oceanic water is then mixed to the surface resulting in a refatively
warmer temperature and more saline salinity surface distribution in this
region. This process is also taking place in the North Atlantic and is called
the process of North Atlantic deep water (NADW) formation.

The most typical property of the meridional overturning function (fig 3.1¢)
is its two cell-structure with a fairly strong positive (clockwise) cell and a
weaker and smaller negative (anticlockwise) cell. The large positive cell
represents a zonal mean north-south circulation. At the surface the occan
is flowing northwards. Sinking of surface water (convection) occurs at the
pole. At greater depth there is a southwards flow and rising occurs at the
equator. This general zonal mean north-south circulation is often referred
to as the "meridional overturning” of the ocean.

The sunradiance is the energy source on carth. This energy imput is much
larger at the equator than near the poles. This iimbalance is compensated by
a poleward energy transport. The atmosphere and the ocean each transport
about half of the total energy. This energy transport of the ocean takes
place through transport of heat by the meridional everturning. Warm water
is flowing polewards along the surface and rapidly loses most of its heat to

the atmosphere. At greater depth cooler water is flowing southwards. In
our model the meridional heat transport is in the order of 101 W, which
is a factor 10 to weak in comparison to reality (sce [16]). A possi )lc reason
is the fairly moderate 28°C atmospheric temperature difference from pole
to equator, which is used in the model. This could also explain why the
meridional overturning function is too weak . Nevertheless the circulation of
the spin up state reasonably resembles the circulation in the North Atlantic
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and is snitable for this kind of studies.

3.5 The stochastic component of the freshwater
flux

The stochastic component of the freshwater lux is obtained by integrating
a first-order Markovian process and is described in Weaver et al. [19]. The
equation governing the evolution of the stochastic component of the forcing
field F is given by

or- I, %s (3.22)
at Ty s

where T'=277. is the autocorrelation time scale of the process and S is a
white noise process. Equation ( 3.22) determines the time evolution of F,
but the spatial structure of S remains free.

By taking the Fourier transform of ( 3.22) we are able to calculate the
spectrum (SP{(w)) of F. Fourier transformation gives

. 1 2 .
Flw) = —— /=8
(W) iw+ l/T]«' TR (l”)

and so yielding a spectrum of

. - 21w .
SP(w) = < Fw)F*(w) > = —1/—— < 8% >, (3.23)
I+ (pr)z
where < ... > denotes ensemble averaging and < $? > is the variance of

the process S.

The structure of { 3.23) is white for periods longer than 7 and falls
ofl as w™? for shorter periods. This implics, that we can use < §% > as a
measure for the strength of the stochastic component F.

The white noise process S is usually chosen to be a Gaussian process,
which makes it possible to use the Tto caleulus to approximate equation
( 3.22). Tor simplicity reasons we take S to be standard Gaussian, which can
always be achieved by scaling if S is a Gaussian process. The approximation
of ( 3.22) is made by using a trapezoidal differencing scheme

Fn+l_Fn . Fn+l+Fn 2

_ = — + 4/ —S.
ot 21 T
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After rewriting we get

. . v
ol ol 2 .
Foo+ 25y = - — 5ot
L+l( +2][) ”( 27’/0) + \/TI" (
. 5 2 .-
= R (1= ) + 4/ =(AS). (3.2:1)
Ty \T[#

Because we have assumed that S is standard Gaussian distributed, it follows
that

AS, — independent identically distributed Vn
—  N(0,4t) distributed

We can write AS,, as Vol W, with

W, — independent identically distributed Vn
—  N(0, 1) distributed

Substituting this in { 3.21) we finally get:

Fn—H = IRyr, + (1 - R'y-)l)l/zvvn (“25)
1 — (”/(27]9)

itl R, = \ A
Wi " T+ al/(2rr)

Because the stability criterion is |R,| < 1, ( 3.25) is absolutely stable. In
the ocean model relatively large time steps are used and it is thus possible
to include the discretisation scheme (3.25) directly into the model.

The choice for the spatial structure of the stochastic component of the
freshwater flux is not determined by equation ( 3.22) and is essentially free.
In this investigation we impose, however, some additional restrictions:

1. Conscrevalion of salt
In the model the assumption is made that for every time step the
total amount of salt in the ocean remains constant. The stochastic
forcing termm F orepresents a freshwater flux, which can be related to
an cquivalent salt flux and so the condition of conservation of salt
requires, that the spatial averaged contribution of I is zero.

2. Only large scale struclures
The stochastic component of the freshwater flux should represent the
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precipitation minus evaporation fields of the large scale (O(1000 km))
weather systems like cyclones and anticyclones. With these fields it
is possible to perturb large areas in the ocean with the samme kind of
perturbation, i.e. there is additional precipitation or evaporation over

a large area at the same time.

3. Limited water storage capacity
The water storage capacity of the atimosphere is limited. This means
that, if there is precipitation over a larger area, the total amount of
precipitation is restricted to a maximum value. In our model this can
be achieved by requiring that the term F,%H remains constant in time.
(bar refers to spatial averaging)

To meet those restrictions a non-Gaussian distribution is chosen for W,
although this is not correct from a mathematical point of view. The term
W, is given by:

W, = Z S(k)cos(R - & + ¢(k)) (3.26)

with S(k) a specified constant and ¢(k) a random phase between 0 and 27
with wavenumber k = (& - &)/2.

In this investigation only two waves are taken into account, i.c. (fg,ky) =
(47/1,,0) and (0,47 /M). The spatial structure of the stochastic component of
the freshwater flux is given in figure 3.2. This spatial structure can be shifted
around the ocean. To measure the strength of the stochastic component of

the freshwater flux we use the spatial averaged variance.
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Figure 3.2: The stochastic perturbation of the freshwater flux in m/year.
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3.6 Initial experiment

The spin-up state will from now on be used as starting point of our investi-
gations and we will consider this as the origin of our time domain. To the
standard deviation of the stochastic forcing, < 82 >2, a value of 0.4 times
the maximum of the original freshwater flux is assigned, which is equivalent
with 27 mm/month. We integrated the model for about 2500 years. The
results are shown in figure 3.3 and 3.4.

2.4 T T T T

23

22 r —

0 500 1000 1500 2000 2500
years

Figure 3.3: The meridional heat transport at y = M/2 in 10" W under a
stochastic forcing of 40 %.

The time series of the meridional heat transport (figure 3.3) shows a
substantial variability with deviations from the equilibrium state in the order
of 20 percent and an oscillating character. The time series of the maximum
of the overturning function (figure 3.4a) and the meridional salt transport
(figure 3.1b) strongly resembles that of the meridional heat transport. The
time series of the temperature of the deep ocean (figure 3.4¢) also displays
similar variability. There is however a trend perceptible in the temperature
of the deep ocean. During the first 1200 years the temperature increases.
After 1200 years the temperature of the deep ocean drops substantially,
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herealter the temperature of the deep ocean again tends to increase.

A closer inspection of the time series of the meridional heat transport
suggests that there is a period of about hundred years in the variability. The
variance spectrum of the time series shows indeed a peak around periods in
the order of a century (See figure 3.5). This phenomenon is also perceptible

01 r

0.06 - [ B

0.04 - 1

0.02 B

O 1 1 1
0 50 100 150 200 250 300
years

Figure 3.5: Power spectrum of the meridional heat transport. The mulii-
plying limits for the 95 % confidence interval are 0.598 and 2.00.

in the spectra of other quantities, such as the surface averaged heat flux,
meridional salt transport and the maximuim of the overturning function.

In order to investigate the sensitivity of the response to the intensity of
the stochastic forcing we repeated the above described experiment for several
values of the standard deviation. The results are shown in figure 3.6. If the
standard deviation is decreased by 50 % the variability in the meridional heat
transport decreases with 50 %, Whereas an increase by a factor 2.5 results
ina 10 % crease of the variability in the meridional heat transport. These
results show, that there is a sirong nonlinear dependence of the variability of
the meridional heat transport on the strength of the stochastic forcing. As
expected the sign of this dependence is positive. if the standard deviation
becomes less 0.05 tihmes the maxinnan of the original freshwater flux the
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response of the system is only marginal. No real variability is perceptible

with these intensities.



3.7 Comparison with theory

In order to investigate the value of the stochastic theory of Hasselmann
(sce section 2.1), the predicted spectrum is compared with the experimen-
tal found spectrum. The stochastie forcing component is implemented by a
salt flux and therefore the meridional salt transport is the most appropriate
quantity to use for comparison. In the experiment a stochastic component
with a standard deviation of 0.4 times the maximum of the original freshwa-
ter flux is used. In equation 2.14 the constants A; have dimension time™!.
The value of these constants is unknown, but is related to the characteristic
time scale of the variable y;. In the experiments we found an oscillating
behaviour of the ocean with a characteristic period in the order of a century
and a logical choice for the A of the meridional salt transport would thus be
1/100 years™'. The constant F(0) is determined by matching the predicted
spectrum with the experimental found spectrum. The result is shown in
figure 3.7.

nA T T T T T
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‘has’ ----
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Figure 3.7: The meridional heat transport at v = M/2 in 10" W under a

stochastic foreing of 40 %.

The experimental found spectrum shows a peak around periods in the
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order of a century. whereas the predicted spectrinn reveals no peak at all.
The theoretical approach is thus unable to explain the oscillating behaviour
of the ocean. In the theoretical approach the assumption was made, that the
system’s evolution could be described by small fluctuations around a stable
equilibrium and so implicitly assuming, that the ocean-atmosphere feedback
could be modeled by linear relaxation of ocean quantities to prescribed val-
nes. In our model a stochastic component is added to the [reshwater fux
and if the relative importance of this term becomes large this assumption s
no longer valid. Tn this experiment the relative importance of the stochastic
component is quite large. Tt is also possible that the system’s behaviour
cannot be characterized by small fluctuations around an stable equilibrium,
which is our basic assumption.



Chapter 4

Phase space description

Due to the complexity of the model it is not possible to solve the model
cquations analytically. Therefore a phase space description is used to de-
duce some important characteristics of our occan-model and so making a
qualitatively description of the evolution of the system possible. Tn a phase
space desceription there are several representations, which can be used to
describe the previous found oscillating behaviour. In this chapter the most
likely phase space description will be determined with the aid of computer

experiments.

4.1 Possible phase space descriptions

The spin-up state is used as starting point of the experiments. To test the
stability of the spin-up state of the model an instantancous perturbation is
added to the freshwater flux. Thereafter the model is integrated for another
500 years. The spatial structure of this perturbation is given by 3. Scos(k -
70), with & = (17/L.0) and (0,17 /M). The constant S is determined by the
restriction, that the maximum value of the perturbation is equal to 0.1 PSU
{8Guum cvaporation per year). This experiment is repeated for the values
O /2. and 37/2 of 0. Tn all of the experiments the spin-up appeared to be
a stable equilibrium.

Using this result we consider 3 possibilities for the dynamics of the phase

point.

1. Fluctuations around stable equilibrium
The dynamical behaviour of the systeimn is determined by one stable
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equilibrinm 'I'h(' evolution of the system can be deseribed by noise in-

I L P N PR ,\n.‘,] 1
Quoea ad l(ulll\f“\ aroiiiiag o

of the freshwater flux s unly HECESSATY Lo g(‘t !,}1(\ system out of the
equilibrium state and the evolution is mainly determined by the phase
paths of the ocean-model. T the stochastic perturbation is switched

off, the systemn will return to its original state

It is also possible, that there is a group of stable equilibria, which
are very similar and thus located close to cach other in phase space,
The existence of wmultiple equilibria in a similar ocean-model has al-
ready been established by Lenderink and Haarsma [10]. The dynami-
cal behaviour of the ocean-imodel can then be deseribed as fluctuations
around these cquilibria. This sttuation is not essentially different from
the case, where there is only one stable equilibrivm. After switching
off the stochastic perturbation the system will return to one of the
cquilibria, whl(h is of course not necessarily the spin-up state.

Fluctuations belween bwo or more stable equilibria

The dynamical behaviour of the system is determined by two or more
stable equilibria, which are quite different and thus located at con-
siderable distance in the phase space. The system’s evolution can
then be described by Huctuations around the equilibria and transi-
tions between the equilibria. Due to the stochastic perturbations the
system will make transitions between the different equilibria. After
the stochastic perturbation has been switched off the system will go
to one of the equilibria. "The basie difference with the previous case is,
that the different equilibria have quite different structures. Tt is again
possible, that there are groups of (rqni]ibria which are very shmilar,
but this does not affect the characteristic picture of the dynamical

behaviour of the system.

Fluctuations between a stable and an unstable equilibrium
he dynamical behaviour of the system is determined by a stable and
an unstable equilibrium. The evolution of the system can be desceribed
Huctuations around the stable equilibrinm and a transition to the
unstable equilibrinm. The latter is possible because an unstable equi-
librivom will in gencral only have a repelling foree ina fow directions
the phase space. The perturbation of the freshwater fhix is necessary
to get the system out of the attraction area of the stable equilibrium
into that of the unstable one. The return to the stable equilibrium is
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fairly casy to trigger. After the stochastic perturbation is switched off
the system will move either towards the stable or unstable equilibrium.
If the system is close to the unstable equilibrium a small perturbation
will be suflicient to realize a transition to the stable equilibrium.

There may be several unstable equilibria, but this will not change the
main characteristics of the dynamical behaviour. Also it is possible,
that there are various stable equilibria. The dynamical behaviour of
the system is then characterized by transitions between stable equi-
libria and between stable and unstable equilibria. The basic view
becomes more complicated, but is not essentially different from the
case with only one stable and one unstable equilibrium. Again it is
possible, that there are groups of similar equilibria.
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4.2  Sensitivity of the model’s behaviour to the
external forcing

In order to obtain a better understanding of the internal dynamics of the
system one oscillation is examined i more detail. The starting point of the
experiment is again the spin-up state and during the integration a stochastic
component is added to the freshwater (lux with a standard deviation of 10
percent of the original maximum of the freshwater flux (see section 3.5).
In order to get a substantial oscillation soon after the beginning of the
experiment, the series of random phases ¢ is shifted. All other parameters
and boundary conditions are the same as in the spin-up experiment. The
experiment Tasted for 5500 model steps, which is equivalent with about 87.2
years.

To compare the importance of the noise to the importance of the in-
ternal dynamics of the system, the above described experiment is repeated
several times. Tn cach of these integrations the stochastic component of the
freshwater flux is switched off at a different time. The results are shown in
figure -1.1.

By looking at the figure one can conclude, that substantial variability in
the system’s behaviour is possible and therefore it seems, that the influence
of the stochastic perturbation on the hehaviour of the system is quite eritical.

If the stochastic perturbation is switched off in the interval (15.9-17.8
years), we sce a substantial decrease of the meridional heat transport in
comparison to the integration with the stochastic perturbation on. Withont
the stochastic perturbation the system’s behaviour does not display the
original oscillation. Instead the system seems to converge to an equilibrium
with a much weaker meridional heat transport than the spin-up state.

On the other hand when the stochastic perturbation is switched off a few
years later in the interval (21.6-27.7 years) the system’s behaviour closely
reseimmbles that of the original integration. And so once the oscillation has
started the influence of the stochastic perturbation appears to be linited.

The influence of the stochastic perturbation in the interval (18.2-21.1
years) seems Lo be weaker than in the interval (15.9-17.8 years), but stronger
than in the previous interval. The oscillation is also not captured without
the stochastic forcing, but the meridional heat transport no longer shows
a large decrease. After turning ofl the external forcing the system seems
to converge slowly to the original spin-up state. The role of the stochastic

perturbation in this interval is thus still important, but in contrast to the
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Figure 4.1: The meridional heat transport at y = M/2 in 101" W for the
integrations, where the stochastic perturbation is left on (solid line) and
switched off at several times (dashed lines).
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interval (15.9-17.8), where the systen appears to be ina very sensitive state,
the influence of the external foreing is to push the system slowly inoaspecific
direction.

This variety in the behaviour of the occan-model is not only present in
the meridional heat transport, also other quantities show the same kind of
behaviour (sce figure -1.2).

From these experiments we are able to conclude, that the first of the
three possible phase space descriptions as described in the previous section
is rather unlikely. In this case one would expect, that the stochastic per-
turbation would only cause minor deviations of the original phase paths. In
this experiment however we found a substantial variety in the behaviour of
the system, when the external foreing was switched off at different times. Tn
addition the system seems to converge to a new equilibrium depending on
the time, when the stochastic forcing is switched off. Tt is however possible,
that the stochastic perturbation is strong enough to get the system far from
the equilibrium, thereby decreasing the attraction of that equilibrivm. In
this situation the relative importance of the stochastic perturbation is -
creased and so the stochastic perturbation could indeed play an important
role in the dynamical behaviour of the model.

The second possibility with two stable equilibria, which are located at
considerable distance in phase space, seems more likely. Tn this case the
dynamical behaviour of the system could be characterized by fluctuations
around and transitions between these cquilibria. To realize a transition
between two equilibria the stochastic perturbation plays a critical role. Tt
forces the system out of the attraction arca of the first equilibrivm into
that of the second. If the system is close to the separatrix of the attraction
basins, the external forcing plays a decisive role in the behaviour of the
system.  This could explain the variety in the possible behaviour of the
model in the interval (15.9-17.8). If the system is close to an equilibrium
the influence of the external forcing is limited and the dynamical behaviour
of the system is determined by the phase paths, which would explain the
behaviour of the model in the interval (24.6-27.7).

The third possibility with a stable and an unstable equilibrium is also
possible. The behaviour of the ocean-model would then be determined by
fluctuations around the stable equilibrimn and between the stable and un-
stable one. The influence of the stochastic perturbation in this situation is
critical. Not only is it necessary to cause a transition between the stable and
unstable equilibrivm. when the system is close to the unstable equilibrium
the system is very sensitive to a stochastic perturbation. The behaviour of
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Figure 4.2: The behaviour of the system, when the stochastic perturbation is
left. on during the whole integration (solid line) and switched off at different
times (dashed lines). a: Maximum of the overturning function in Sverdrups,
b: Temperature in °C of the deepest layer of the ocean, averaged over the
top 1250 kin of the basin.



the model in the interval (15.9-17.8) is in accordance with this idea.

4.3 Different equilibria

In order to obtain a better understanding of the dynamies of the system,
we integrated the model for much longer time. With this experiment we

wanted Lo answer the following questions:
Does the model gradually converge to the same equilibrium i all of the

cases ¥ In this case the phase space will probably contain only one stable

equilibrium.

Or does the model converge Lo different equilibria for different switch-off
times 2 1f so, the previously discussed possibilities 2 and 3 are more likely.
From cach of the three intervals one example is taken and the model is

integrated for another 1500 years. The results are shown in figure 4.3. In the
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FFigure -1.3: ‘Time series of the meridional heat transport at y = M/2 m 10 !
W under a stochastic pertiurbation with a standard deviation of -10 %, when

the stochastic perturbation is switched after 15.9, 21.4 or 2.6 years.

cases, when the stochastic perturbation is switched off after 15.9 respectively



21.1 years, the model seems to converge to the original equilibrium. Not
only the meridional heat transport converges to the value of the original
cquilibritm, also several other quantities, such as the mendional overturning
and the meridional salt transport approach their value of the spin-up state.
If however the stochastic perturbation is switched off after 21.6 years the
model does not converge to the spin-up state. This suggests, that there are
at least two equilibria, which are important for the dynamical behaviour of
the system.

If we look at the time series of the case, when the stochastic perturbation
is switched off after 15.9 years, we sce a sudden jump in the meridional heat
transport after about 500 years of integration. This phenomenon can be
explained by assuiming that there is an unstable equilibrium. The stochastic
perturbation of the freshwater flux during the first 15.9 years of the integra-
tion forced the system out of the attraction basin of the original equilibrium
into that of the unstable one. If the system comes closer to the unstable
equilibrium, the repelling force of the unstable equilibrium becomes stronger.
When the repelling force becomes too strong, the system rapidly moves away
fromm the unstable equilibrium and returns to the spin-up state.

In the experiment the transition is rather sudden. From theory one
would expect a more smoother curve. This is probably due to the way con-
vection is parameterized in our ocean-model. Convection occurs, when the
stratification of two adjacent layers is unstable. The two layers, or parts of
them, are then mixed to get a stable stratification. In this model convec-
tion is parameterized by a step-function. Complete mixing occurs, when the
layers are unstablely stratified. No mixing takes place in stable condition.
Therefore, a possible explanation for the sharp edge in the time series of the
last. experiment would be, that prior to this point the stratification slowly
becomes less stable and finally becomes even weakly unstable. In our model
this implies, that prior to this point no convection occurs and then suddenly
convection is switched on resulting in a sharp edge.

If the stochastic perturbation is switched off after 21.6 years, the model
seems Lo converge to a different equilibrium. To investigate the stability of
this equilibritm the model is integrated for another 1000 years. At the begin
of the integration an instantancous perturbation is added to the freshwater
flux. The structure of this perturbation is described in section .10 The
constant S is again chosen such that the maximum value of the perturbation
is equal to 0.1 PSU (86 mm evaporation per year) and 0 is chosen to be -
m/2. The result is shown in figure 4.4, After the perturbation has been
applied, the system undergoes an oscillation and finally returns to the spin-
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Figure 4.4: Time series of the meridional heat transport at y = M/2 in 10
W. when an instantancous perturbation is added to the freshwater flux at
the beginning of the integration.



up state. A small perturbation is suflicient 1o cause a substantial jump
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state, yielding the conclusion, that the systomn does not converge to a stable
equilibrium. This result also supports a phase space deseription with one

stable and at least one nustable equilibrivm,

4.4 Spectra analysis

In the case of a stable equilibrium together with at least one unstable equi-
librivm one would expect an inercase in the possibility of escaping the at-
traction basin of the stable equilibrium if the intensity of the stochastic
perturbation is increased. When the intensity of the stochastic perturba-
tion 1s increased the time between two consecutive transitions between a
stable and an unstable equilibrivim should therefore decrease and henee the
characteristic period (sce section 3.6) should also decrease. Tn this experi-
ment we integrate the model three times for a period of 8000 years. Tn cach
of the integrations an additional stochastic perturbation is added to the
freshwater flux. The standard deviation of the stochastic perturbation is 20
Y, A0 % respectively 100 % of the original maximum of the freshwater flux.
From ecach of these three integrations a power spectrum of the meridional
heat transport is made. The results are shown in figure 1.5.

The confidence intervals of the spectra are quite large. The differences
between the spectra are therefore not significant. Nevertheless we will still
use the spectra for comparison. If we look at the characteristic period in
cach of the eases, we see that the characteristic period does not change in
the predicted way. By inereasing the standard deviation from 20 % to 10 %
the characteristic period indeed decreases, which is in accordance with our
expectations. A further increase of the standard deviation however results in
an inerease of the characteristic period. This result is in contradiction with
the theory and is also not in accordance with any of the other possible phase
space deseriptions. A possible explanation for this phenomenon conld he,
that i the standard deviation of the stochastic perturbation is increased from
A0 1o 100 % additional equilibria become hmportant for the dynamical
behaviour of the modell These equilibria should be located at considerable
distance from the spin-up state in the phase space. The transition time to
these eqinlibria from the spin-up state is Targe, resulting in an inerease of
the characteristic period.

Another possibility is, that the spectra are indeed not relinble enough to
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use for compartson. To check this possibility the model was integrated for
20000 years under a stochastic perturbation of the freshwater flux with a
standard deviation of 10 9. The time series of the meridional heat transport
of this experiment was split in two parts. From each of these parts a power

spectrum was made and the result is shown in figure 4.6.
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Figure 1.6: Comparison of the power spectra of the meridional heat trans-
port for a time series, which is split in two. The multiplying limits for the
95 % confidence interval are 0.671 and 1.637.

By comparing the spectra of both parts, we see a substantial difference.
Although the differences are not significant an estimation of the character-
istic period would give in cach of the cases a different period. Apparently
the method of comparing characteristic periods for dilferent values of the
standard deviation of the stochastic perturbation is not rehiable enough to
conclude which phase space description is the most likely.



4.5 Approximating an unstable equilibrium

The phase space deseription with a stable equilibrivm and at least one unsta-
ble equilibrinm seens the most appropriate theory to desceribe the system’s
behaviour.  In order to get more support for this theory a minimization
procedure is used to try to find an unstable equilibrium numerically. The
ocean-circulation is driven by density gradients and the windstress. The
windstress is known and constant in time. Therefore the following func-

dp ()/)
r=a 4.1
« / / / ol ()/ (1.1)

where O is a scaling constant. The zero points of this functional correspond

tional 7 is defined

. Jdp . : o
to the points, where — = 0. Through the hydrostatic approximation (sce
at
section  3.2) it iminediately follows, that a constant density field implies a
constant pressure field. The velocity field is also stationary if the pressure
ficld is constant in time. From the equation of state it follows, that
Jdp as o U
— = ag— +2ap(T = T")—.
ot N at
Thus, a constant density field does not imply a constant salinity and tem-
perature distribution. Nevertheless, we will try to minimalize the functional
I and check afterwards whether the salinity and temperature distributions

(4.2)

are also stationary.

T our model convection is parameterized by a step-function, i.e. no
convection occurs until the vertical stratification becomes unstable. This
implementation introduces a discontinuity in equations 3.8 and 3.9. This
discontinuity complicates the minimization of the functional F. Therefore
for this minimization procedure the step-function is replaced by a continuous
function. This function is defined as:

0 iI‘ plk) —pk+1) < —g(k)
/24 1/2 # sini k) — p(k + 1))
Fk) - / /2% m(‘ﬂ,{‘( )w = p(k+ 1)) (1)
it [p(k) = p(k + 1)) < g(k)]
1 il pBYy—pk+1) > g(k)

The value of the function f(p, k) determines the part of the layers & and
k -+ 1, which is mixed. Still no mixing occurs il the stratification is ab-
solutely stable and complete mixing if the stratification is very unstable,
but a transition interval is introduced for intermediate stratifications. If
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the stratification is only marginally stable (or unstable) a part of the layers
Aoand A+ 1 isamixed. The function g(k) is a height dependent function,
which is constant in each layer and determines the length of the transition
interval. Tts value decreases with increasing k to account for the fact, that
the density differences between the lower layers are less than those between
the upper layers. The function g(k) is found by matching the behaviour of
the system under a stochastic perturbation using the old convection scheme
to that using the new scheme. The function f(p, &) is a continuous func-
tion and also its derivative is continuous. Its second derivative is however
is discontinuous. This is still a complication for the minimization process,
which could be solved by replacing f(p, k) by an arctangent. An arctangent
however would introduce some additional diffusion in the system, i.e. there
would still be some mixing even if the system is absolutely stable. Therefore
the arctangent function is not used.

The functional I cannot be computed analytically, because the 3-dimen-

. . ap . . .o .
sional field — is not exactly known. The values of this field are known in

o
cach grid point and so I is approximated by

~ N (?/),j 9

=3 C(5) (1.1)
- A

with NV the number of grid points.

As minimization procedure the NAG library EOIDGE is used. This
routine uses a pre-conditioned conjugate gradient method. Tt is intended
for large scale problems and uses limited memory. The scarch direction is
obtained by a quasi-Newton method. This is an iterative method, which
means that an initial guess for the zero point of I is needed. The mitial
guess is an important factor for the success of the method. The better this
initial guess is, the better this method will work. We thus need an initial
guess, which is in the vicinity of the unstable equilibrium we want to find.

In order to obtain a proper initial guess; we again consider the exper-
iments performed in section 1.2 and 4.3. In these sections an experiment
was performed where we switched off the stochastic perturbation at several
times.  In the integration, when the stochastic forcing is switched off af-
ter 15.9 years, there was a sudden jump in the meridional heat transport
(figure 1.3) after about 500 years of integration. This behaviour could be
explained by assuming, that the system was close to an unstable equilibrium
at. that point. Our goal is to find an unstable equilibrium, so this point could

serve as an initial guess.
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We adjusted however the convection scheme and this could influence the
equilibria of the system. Therefore to be completely fair this experiment was
repeated with the new convection scheme, while all the other parameters and
boundary conditions were left unchanged. The result is shown in figure -1
The difference in the system’s behaviour is small during the first 500 years of
integration. After 500 years there is a substantial difference in the system’s
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Figure 4.7: The meridional heat transport at y=M/2 in 10'" W, when the
stochastic perturbation is switched ofl after 15.9 years using the old (solid
line) and new convection scheme (dashed line). The standard deviation of
the stochastic perturbation is 40 % of the maximum of the original freshwater

flux.

behaviour., The jump in the meridional heat transport does not occur when
the new convection scheme is used. The new convection scheme introduces
a small amount of mixing in situations, where the system is only marginally
stable. This makes the system slightly more stable and prevents the jump.
If however a small instantancous perturbation is added to the freshwater flux
at the end of the integration the jump almost immediately takes place. The
state of the system at the end of the integration with the new convection
scheme seems therefore to be a good initial guess. The temperature and
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salinity distributions of this point will be used as an initial guess in our
Hiinhnization process.

The NAG library requires the first derivatives of the functional . This
derivative cannot be computed exactly and therefore it is computed in cach
grid point numerically using a central differencing scheme. The step-size
for this diflerencing scheme is chosen to be constant in cach grid point.
Computing the derivative of I numerically makes however the minimization
process very costly. Therefore the minimization process is stopped after 60

iterations. The result is shown in table 1.1.

functional F salinity comp. | temperature comp.
begin 2.7628 0.90967 7.065-1073
end 2.8169-1077 5.9797 8.6844-107"

Table 41.1: Values of the functional T (column 1), the salinity component of
the functional (colummn 2) and the temperature component of the functional
(colummn 3) before and after the minimization procedure.

The minimization routine scems to converge to an equilibrium as the
functional F is decreased by a factor of about thousand (column 1). Tn order
to check if the salinity and temperature distribution are also stationary the

oy L 0S5 08 ~ LT OT
C- 292 99 v and (/// A Ve
/ / /\ IV VA I TR T

arce computed numerically.

These terms are also given in table 1.1 (column 2 and 3). There is a
substantial increase of both terms by the minimization process, yielding the
conclusion, that apparently the salinity and temperature distributions have
not become stationary. Thus, the point, which is obtained by minimizing
the functional, is not an equilibrium point of the whole system. The final

terms

point is a point with a stationary density distribution. The temperature
and salinity distributions are not stationary, but vary in such a way that
the distribution remains constant.

By mmimizing the functional [ we were not able to find an equilibrium
point of the system. The salinity and temperature distributions did not

become stationary. Therefore a new functional G,
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The constant. ¢/ and ' are scaling constants and make sure,
The zeros

is defined.
at both components of the functional are equally hnportant.
of this functional correspond to the |
temperature distribution. These points are thus equilibrium points of the

systen. Agaiu the functional cannot be computed analytically and is there-

i h
A

soints with a stationary salinity and

fore approximated by

() S Ty

+ o= ), (1.6)
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with N the number of grid points. The same method is used to minimize the

functional G as for the functional F.

numerically using central differencing.
and the maximum number of iterations is set to be 65.

The derivative of G is also computed
The inttial guess remains the same
The results are

shown in table 1.2
funct. G | sal. comp. | temp. comp. | low sal. low temp. | Deriv.
begin | 3.111 1.519 1.592 (0.2564 0.09360 11.25
end 0.2632 06391 0.1993 ).A76-1072 01249 15.366

Table 4.2: Values of the functional G (column 1), salinity component of the
functional (cohumn 2), the temperature component of functional(cohumn 3),
the salinity component of the functional for the southern half of the basin
(colummn 1), the temperature component of the functional for the southern
half of the basin (column 5) and the Euclidean norm of the derivative of G

(colummn 6) before and after the minimization procedure.

The minimization process is terminated after only <16 iterations due to
lack of convergence, i.e. the functional G (column 1) is only reduced by
a factor of about 10. The main cause of this lack of convergence is the
disability of the minimization routine to substantially decrease the Euclidean
norm of the derivative of G (column 6). By minimizing the functional G
the salinity and temperature component of G (column 2 and 3) are indeed
decreased. but only by a factor of about 10.

This minimization procedure was repeated with a different initial guess.
To abtain this initial guess we again considered the experiments performed
in sections 1.2 and 1.3, When the stochastic perturbation was switched ofl
after 216 years
different from the spin-up state (see figure -1.3). If however after

the system slowly scemed to converge to an equilibrinm
1600 years



of integration an instantancous perturbation is added to the freshwater ux,
a stbstantial jump in the meridional heat transport ahost nediately
takes place. The state of the ocean after 1600 years was therefore used as
another initial guess for finding an unstable equilibrium. The results were
however very similar.

The disability to substantially decrease the Enclidean norim of the deriva-
tive of the functional G may have several causes. The scaling constants ()
and Cy in the functional G are determined by the restriction, that the salin-
ity component and the temperature component have the same size at the
beginning of the minimization procedure. The choice of the scaling constants
was however fairly arbitrary. A different choice of the scaling constants could
therefore result in a better convergence of the minimization of the functional
G. Further, the derivative of G is computed in cach grid point numerically
using a central differencing scheme. This is not only very costly, it may also
not be very accurate. The accurateness of this method strongly depends
on the step-size, which is used in the differencing scheme. In this experi-
ment the step-size was kept constant and it may be necessary to adjust the
step-size at different grid points. A third problem is the way convection
is parameterized in the model. Convection was parameterized by a step-
function, thereby introducing a discontinuity in the equations for salinity
and temperature. Tn order to get rid of this discontinuity the step-function
was replaced by a continuous function (see equation 4.3). A height depen-
dent sine function was used to make the transition from no mixing (stable
stratification) to complete mixing (unstable stratification) continuous. The
length of this transition interval is determined by the function g(k) and
decreases with increasing k. The function was obtained by matching the be-
haviour of the model using the old convection scheme to that using the new
convection scheme, thereby making the transition interval very small. The
smaller this interval is, the more steep the derivative of the function f{p, k)
becomes. Numerically computing the derivative in this interval using a cen-
tral differencing scheme is extremely sensitive to the step-size. This could
be an explanation for the fact, that the Euclidean norm of the derivative
remains large. The step-function was replaced by a continuous function with
a continuous derivative, but the second derivative is discontinuous. Fhis is
also an additional problem for the minimization process.

The northeastern part of the basin is the area. where deep convection
takes place. Tnothis area there will he probably several regions, where the
stratification is only marginally stable or unstable. Therefore one expects.
that the large gradients of the functional G oare located in this arca. In
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order to check this hypothesis the salinity and temperature component of
the functional ¢ are computed for the seuthern half of the basin. The
results are also shown in table 1.2 (colummn 143). This salinity term is
decreased by a factor of about 50 and the temperature term by a factor
8. The minimization process has thus also not been able to substantially
decrease these ters, The relative importance of these terms to the salinity
and temperature component of G for the whole basin is however simall, "Fhis
supports the theory that the greatest problems for the minimization process
are located in the convective area.

In order to further investigate this theory it would be interesting to nu-
merically search for an equilibrium point of the model when convection is
neglected. Tf the minimization process is unable to find an equilibrium point
ol the systenm, the problems are not totally located in the convective arca.
Finding an equilibrium point of the system by the minimization routine will
on the other hand supports this theory. If the minimization routine is able
to find an equilibriuim point of the system, when convection is neglected, a
different approach should be used for the original problem. One could adjust
the convection scheme by enlarging the transition interval, thereby decreas-
ing the large gradients of the functional G. This could however critically
influence the behaviour of the model. If) due to convergence restrictions,
the influence of the adjustment on the behaviour becomes too large, one
could try a different minimization technique or functional. Probably a func-
tional with a weight function, which decreases the relative importance of the
convective area, would be a recommendable option to try. The problem of
numnerically finding an equilibrium point of the model is thus rather difli-
cult. Due to lack of time we were not able to explore the above mentioned
possible explanations for the failure of the minimization method.



4.6 Finding a proper distance function

The experiments performed so far indicate that the oscillating behaviour of
the system under a stochastic perturbation of the freshwater Hux is most
likely described by a phase space description with one stable and at least
one unstable equilibrium. For the deseription of the evolution of the system
in the phase space therefore the distance of the state of the system to these
equilibria could be used. In order to determine the distance of the actual
state of the ocean to the equilibria, the exact location of these points should
however be known. The spin-up state can be considered as a stable equi-
librimm. The exact location of the unstable equilibrivin is however rather
mncertain and can only be estimated. For the minhimization process in the
previous section we used two initial guesses and these points will be used
as approximation for the unstable equilibrium, i.e. the state of the ocean
just before the jump in the meridional heai transport, when the stochastic
perturbation was switched ofl after 15.9 years and the state of the ocean
after 1600 years, when the stochastic perturbation was switched off after
21.6 years.

In order to measure the distance of the state of the ocean to cach of
these equilibrium points it is necessary to define a proper distance function.
The choice for this distance function is not a priori obvious. If the unstable
equilibria are indeed important for the dynamical behaviour of the system,
the system’s behaviour can be characterized by fluctuations around the sta-
ble and transitions to the unstable equilibria. Tn case of a proper distance
function the distance of the state of the system to the spin-up state should
be smaller than the distance to the other equilibria if the systemn fluctuates
around the stable equilibrium . When the system however is close to the
unstable equilibrium the distance of the actual state of the system to the
unstable equilibria should be the smallest.

Several distance functions were tried and analyzed afterwards. The ex-
periment deseribed in section 1.2 is repeated and time series of the distances
to cach of the equilibria are made. The vime series of the meridional heat
transport is displayed in figure 1.8,

So one oseillation is studied in detail. First the distance function, which

is related to the meridional overturning is used. i.c.
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Figure 1.8: Time series of the meridional heat transport in 10M at y=M/2
W under a stochastic perturbation of the freshwater flux with a standard
deviation of 0.4 times the original maximum of the freshwater flux.
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where P is the number of grid points used in the meridional direction times
the number of grid points used for the depth of the ocean, ®; and @,
are the values of the meridional overturning function in a grid point of the

actual state of the ocean and in the equilibrium point. The result is shown
in figure 4.9.
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[Figure 1.9: Time series of the distance to the equilibria using the distance
function related to the meridional overturning function.

One expects, that the transition from the stable to the unstable equilib-
riim and back is responsible for the oscillating behaviour of the meridional
heat transport. Because only one oscillation is considered, one expects that
only during one period of time the state of the system will be closer to the
unstable equilibria than to the spin-up state.

The time series of the distances to cach of the equilibria show, that
the actual state of the ocean is during almost the whole integration closer
located to the spin-up state than to the other equilibria. Only after abount,
10 years the distance to the unstable equilibrium is during a brief period less
than to the spin-up state. At that point the system is close to an unstable
equilibrium and soon afterwards rapidly moves away from this equilibrium.
When the system moves to the unstable equilibrium the distance of the
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system’s state to this point will indeed decrease. When it however coes Lo
close to the equilibrium, the system will rapidly move away The obtained
result is in accordance with this idea. The state of the system is however only
during a very brief period of time closer located the unstable equilibria than
to the spin-up state. One would expect however, that if the systen is moving
away from the unstable equilibrinm, the distance of the system’s state to the
unstable equilibrinm will during a somewhat longer period remain less than
the distance to the spin-up state. Tt is possible that our view of the behaviour
of the system in the phase space is not correct, it might however also be,
that the chosen distance function is not capable of properly describing the
evolution of the model in the phase space.

Therefore a second distance function. which uses the surface heat fhix,

is tried, i.e.

Al
dpp = JZ(M = I fieq) (1.8)
1=1

where hf, and b f;q are the heat flux in a grid point of the actual state of
the ocean and in the equilibrium point and M the number of surface grid
points. The results are shown in figure 4.10a and b,

Using this distance function the actual state of the system is indeed
during a longer period closer to the unstable equilibria (sce figure 4.10).
The state of the system is however during four periods of time closer to
the unstable equilibria than to the spin-up state. This seems a little bit
unrealistic and is also not in accordance with the above described theory.
The value of this distance function scems therefore to be small

Variations in the surface heat flux are however strongly related to vari-
ations in the freshwater flux (see section 5.1.3). A stochastic perturbation
is added to the freshwater flux and so there will be substantial variability
in the surface heat flux on a short time scale. Therefore this will probably
not be a very useful quantity for defining a distance function, which should
deseribe the evolution of the total system. The meridional overturning func-
tion on the other hand slowly adapts itsell to variations in the state of the
ocean. This quantity scems more appropriate to define a distance function,
but 1t may however adapt to slowly. A third distance function, which is

related to the salinity distribution of the ocean is therefore tested, ie.

(Si — Sieg)? (1.9)
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Figure -1.10: Time series of the distance to the equilibria using the distance
function related to the surface heat flux. Figure a represents the time series
of the distance of the actual state of the ocean to the spin-up state and
figure b represents the difference in distance between the actual state of the
ocean and the spin-up state on one side and the unstable equilibria on the

other side.
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where S, and S, are the salinity ina erid point of the actual state of the
ocean and in the equilibrinnn point, A the totad ninnber of grid points and M
the number of surface boxes, The salinity distribution of the ocean adapts
itsell more rapidly to variations in the system than the meridionat overturn-
ing function, but stower than the surface heat flux. Tn the top layer of the
ocean the freshwater flux is directly influencing the salinity distribution of
the ocean. In this layer variations in the salinity distribution will therefore
be quite large and change rapidly. This might result in the same problem
as with the surface heat flux. Therefore the salinity distribution of the top
layer is omitted in the distance function. The result is shown in figure .11
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Figure 1.11: Thne series of the distance to the equilibria using the distance

function related to the salinity distribution of the ocean.

Again after about 15 years the distance of state of the ocean to the un-
stable equilibria is less than the distance to the spin-up state. The distance
of the actual state of the system to the unstable equilibria soon afterwards
indeed starts to increase, but still remains less than the distance between
the system's state and the spin-up state for several years. This behaviour
is in accordance with the previous deseribed theory. After about 70 years
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however the state of the system again is closer to the unstable equilibrium
and renains so for a larger period. Tt seems however, that soon after this
point another oscillation in the meridional heat transport takes place (see
figure 1.8).

This distance function is reasonably able to represent the expected be-
haviour of the system if the unstable equilibria are important for the dynam-
ical behaviour of the system. This result could therefore support the theory
that the unstable equilibria are important for the dynamical behaviour of
the system. Tt remains however still unclear whether this distance function
is indeed able to represent the dynamical behaviour of the system properly.
Tt is therefore not possible to conclude that there are indeed unstable equi-
libria which are important for the dynamical behaviour of the system. In
the previous section we established however that a phase space description
with at least one unstable equilibrium is the most likely and the results in
this section are not in contradiction with this theory.
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Chapter 5
Physical principles

In the previous chapter we tried to explain the oscillating behaviour of the
system under a stochastic perturbation of the freshwater flux through a
phase space description. The physical processes, which are important for
this kind of behaviour remained however unelear. Tn this chapter the main
objective will be to explain the oscillating behaviour of the ocean from a
physical point of view. Are there sensitive arcas in the ocean”? What pro-
cosses are important for the oscillating behaviour?  Where does the time
seale of about a century arise from?” To answer these questions will be the

main goal of this chapter.

5.1 Sensitive areas

A stochastic perturbation of the freshwater flux results in an oscillating he-
haviour of ,h(‘, system. This stochastic perturbation has a spatial structure,
which covers the total ocean-basin. Tn order to investigate the possibility of
sensitive areas in the ocean-basin it is interesting to restrict the stochastice
perturbation to parts of the ocean and exaamine the differences in response.
Therelore the !()llq)\\'!ng u\twu[mnnt Wk }wrﬂn'nw(l irst the model was
integrated for about 2500 years with a stochastic perturbation of the fresh-
water {lux over the whole basin, The standard deviation of the foreing was
0% of the originad s of the freshwater flux (see section 3.5). All
other boundary conditions are the sane as in the spin up experiment. Then
this experiment was repeated with the stochastic forcing only applied to the
upper half of the basin (from y=NM/2 10 y ~M). The strengthy of the foreing
was left unchanged. Also the (‘xpm'inwm with the stochastic forcing only
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applied to the lower half of the basin (from y=0 to y=M/2) was performed.

The results are shown in figure 5.1.

2.3 T T T T T

1 6 1 1 J 1 1
500 600 700 800 900 1000 1100
years

Figure 5.1: Meridional heat transport in 10" W of the integration with a
stochastic perturbation, which covers the total basin (solid line), only the
upper half (dashed line, up) and only the lower half (dashed line, lo).

By examining figure 5.1 it appears, that the sensitive arcas of the ocean
are located in the upper half of the basin. The behaviour of the system in the
cases, when the stochastic perturbation covers the total basin (total case)
and when it covers only the upper half, is (upper case) almost identical.
The difference in responses 18 very siall. This 1s not only perceptible i
the meridional heat transport, but also in several other quantities. If the
stochastic perturbation is linited to the lower half of the ocean the response
is very weak. The maximum deviation of the meridional heat transport from
its equilibrium state is in the order of 1.5 %. The lower half of the ocean
scems not to be sensitive to a stochastic perturbation of the freshwater flux.
If we look at the time series of the upper and total case the most striking
event. happens after about 850 years of integration. Up until this point the
systemn’s behaviour in the upper and total case was nearly identical. Then
suddenly the response of the system to the stochastic perturbation becomes
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substantially different in these two cases. In the total case the stochastic

pa

ooy b 1.
tiC 1 OWET a1d

pertiirhidion ilso covers ;
forcing in this region generated aperturbation in the ocean. which with the
aid of the stochastic perturbation in the npper half of the basin was able
to imfluence to behaviour of the system. This could explain the splitting up
of the two time series. Tn both cases the system’s hehaviour still displays
an oscillating character, but the period scemns o be different in cach case.
The oscillations are at the vear 910 even hall a period out of phase. The
most surprising event however is the reunification of the two time series after
about 975 years. The response of the system to the stochastic forcing in the
two cases was substantially different during a period of about 100 years, but,
then again becomes identical. Tt is possible that the stochastic forcing has
triggered a process in the ocean with a period of about 100 years, which
determines the long term behaviour of the system and sceems to be quite
persistent,

What 1s however the mfluence of the external forcing on this process ¢
After 910 years of integration the system’s behavionr of the total and upper
case seems to be half a period out of phase. When the stochastic perturba-
tion is left on during the whole integration. the time series of these two cases
retnite alter another 65 vears, 16 would be interesting to check whether this
reunification of the two thme series also takes place, when the stochastic
perturbation is switched off after 910 vears. ITnorder to investigate this the
above described experiments, when the stochastic perturbation covered the
total and only the upper half of the basin, are repeated and after 910 years
of integration the externad forcing is switched off. The result is shown in
figure 5.2.

The rennification of the two time series does not take place. The times
series of the diflerent cases remain substantially different. T contrast to the
previous experiment this result does not support the theory of an internal
process in the ocean, which determines the fong term behaviour of the iodel
This experiment sngeests, that there is no such process ab all or at least
that such a process is not able to survive without the aid of the stochastic
perturbation. The influence of the external forcing on the reunification of
the two time series in the previous experiment secins still to he considerable.
This makes the explanation of the reumification quite diffienlt. Tt possible
that there is an internal process, which determines the long term behaviour
of the system, but it could also have a different explanation. “I'his will be

further investigated in the remainder of this chaptor.
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Figure 5.2: Time series of the meridional heat transport in 10" W at
v=M/2, when the stochastic perturbation, covering the whole surface (solid
line) and only the top halfl (dashed line) of the basin, was switched off after

910 years.
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5.1.1 Sensitive areas and convection

The most sensitive arcas of the ocean are thus located in the upper half of
the basin. This is also the arca, where the process of deep water formation
(convection) takes place. To test whether the variability in the system's
behaviour is linked to variations in the process ol deep water formation one
oscillation is studied in detail. This s the same oscillation as described in

section 1.2, The results are shown in figure 5.3 and 5.1
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Figure 5.3: Time series of the total net ocean-atmosphere heat exchange in
. . 9 P . . . .
the convective area in 1012 W, The sign of the heat exchange is negative,

because the ocean loses heat to the atimosphere.

The time series of the total net heat {(Ggure 5.3). whiclis exchanged with
the atmosphere in the arca of deep water formation, shows substantially
variability. After an initial increase of the total amount of heat exchange it
decreases dramatically. This decrease is due to a decrease in the arca, where
deep water formation is taking place. The process of deep water formation
is an hnportant process for the heat balance of the ocean. The magnitude of
the heat exchange between the ocean and atmosphere is determined by the
difference between the sea surface temperature and the atmospheric temper-
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Figure 5-1: Time series of the mean temperature of the part of the deepest
laver from y = 3M/4 toy = M in °C (figure a) and the meridional heat
transport in T0MTW at y=M/2 (ligure b).
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ature. Through deep water formation relatively warm deep oceanie water
is miacd to the surfuees thereby en o the difference hetween the sen
stirface and atmospheric temperature. This results inanincrease of the
ocean-atimosphere heat exchange in the area. where deep water formation is
taking place. The heat loss of the ocean in this area is therefore much larger
than in arcas, where no convection occurs. Variations in the size of the
convective area therefore substantially influence the total occan-atmosphere
heat exchange. By reducing the size of the convective area less cold surface
water is mixed downwards, thereby incercasing the temperature of the deep
occan in the top quarter of the basin (figure 5.-1a). At the bottom of the
ocean deep oceanic water is advected equatorward. Increasing the tempera-
ture of the deep ocean therefore results inan increase of the total heat, which
is transported equatorwards. Decreasing the convective area also results in
a slowing down of the meridional overturning. thereby decreasing the heat
transport from equator to pole along the surtace. These effects combined
result then in a decrease of the total meridional heat transport (figure 5.1b)
as defined in section 3.3,

After about 15 years the total net ocean-atimosphere heat exchange in the
conveetive area (figure 5.3) increases rapidly. This is due to an enlargement
of the area, where convection is taking place. This results in a decrease of the
temperature of the deep ocean in the top guarter of the basin (figure 5.1a)
and in an increase of the meridional heat transport (figure 5.1b). From this
we may conclude that vartations in the process of deep water formation are
indeed an iimportant factor for the variability in the behaviour of the model.

The variability in the ocean-atmosphere heat exchange in the convective
area is larger than the variability in the time series of the meridional heat
transport.  The large fluctuations in the time series of occan-atmosphere
heat exchange are casy to link to variations in the time series of the merid-
ional heat transport. Small and rapid {luctnations in the time series of the
ocean-atmosphere heat exchange are however not visible in the time series
of the meridional heat transport. I the occan-atmosphere heat exchange is
relatively high or low during a longer period. the miluence on the merid-
ional heat transport is however easy pereeptible. From about 15 until 70
vears the ocean-atinosphere heat exchange is fluctuating around a relatively
low value. During this period the meridional heat transport. decreases sub-
stantially, which was to be expected. The mertdional heat transport seems
to react to the mean signal of the ocean-atmosphere heat exchange in the
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5.1.2  Analysis

The time series of the ocecan-atmosphere total net heat exchange in the
convective area (figure 5.3) shows substantial variability. This time series
contains small (luctuations, but also large jumps. Apparently the influence
of the external forcing is al some points larger than at other points. Tn
order to determine the sensitivity of the model at a given state, it would be
useful, when the possible changes in this heat exchange could be estimated
in advance. Tor this purpose the Convective Sensitive Arca (CSA) anal-
ysis, which is developed by Lenderink and Haarsma [11], is tested. They
demonstrated that for certain grid points the convective state as well as the
non-convective state is possible. This possibility of multiple steady states is
due to the formulation of mixed boundary conditions, i.e. the relaxation of
the surface temperature to the atmospheric temperature and the prescribed
freshwater flux, together with the vastly different time scales for the temper-
ature forcing (short) and the salinity forcing (long). In the polar areas cold
fresh surface water is located on top of warm saline bottom water. If in a sta-
ble situation by some perturbation mixing between the surface and deeper
layers occurs, the surface layer becomes warmer and more saline. The in-
creased heat in the surface layer is quickly released to the atmosphere. This
results in a surface layer, which has the samme temperature but is now more
saline and thus denser than before the perturbation. Tn certain grid points
the increased instability will sustain the convection. By investigating for
non-convective grid points whether the convective state is also possible and
vice versa an indication whether changes in the size or intensity of convection
arc likely to occur and an estimation of the possible gain or loss in total net
heat exchange between ocean and atmosphere is obtained. To investigate
whether convection can casily be triggered or suppressed a vertical column
in the ocean is considered. This vertical column consists of 12 grid boxes
stacked on top of each other. Tn the analysis it is assumed, that this columin
is surrounded by an ocean, which has stationary temperature, salinity and
velocity distributions. These distributions are of course obtained from the
state of the ocean, which is being analyzed.

A salinity perturbation is then applied to the surface box of the vertical
column. This perturbation is large enough to trigger convection in most
non-convective colummns and to suppress convection in convective colunins.
The vertical column is then integrated, while keeping the surrounding occan
constant, for about hall a year to reach a steady state. This integration is
similar to the time integration of the complete model. Horizontal advec-
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tion and diffusion in the column are however computed using the stationary
istributions of the surronnding ocoan, whereas vertical advection diffusion
and convection are compited using the salinity and temperature distribu-
tions inside the column. The difference between the state at the end of
the integration and the actual state of the ocean is being analyzed. This
procedure is repeated until all vertical colums of the ocean are analyzed.

In order to test this analysis the model s integrated from the spin-
np state for 500 vears. A stochastic perturbation is added to freshwater
Nux with a standard deviation of 0.4 times the original maximun of the
freshwater flux (see section 3.5). All other boundary conditions are the same
as in the spin-up experiment (see section 3.1). The analysis is performed
during the integration after cach model step. The analysis will of course
not be able to predict all small fluctuations in the time series of the ocean-
atimosphere total net heat exchange. Tt should however be able to estimate
the trend in the changes of the ocean-atmosphere total net heat exchange in
the convective area to be useful at all. Therefore time series of the moving
average of the total net heat exchange in the convective area and of the by
the analysis estimated possible changes in this heat exchange are made. The
averaging time is chosen to be approximately 8 years. The results are shown
in figure 5.5 and 35.6.

After about 25 years there is a reasonable inerease of the total net heat,
which is exchanged between ocean and atmosphere (figure 5.5). The possi-
bility of this increase is fairly well predicted by the analysis, 1.e. the time
series of the potential additional heat exchange (figure 5.6a) estimates a large
possible increase. Also after about 200, 260, 350 and 470 years a substantial
increase of the total net heat exchange is noticeable Again the possibility
of these jumps is reasonably predicted by the analysis. The time series of
the potential additional heat exchange however contains more peaks. Tt in-
dicates, that at other times also a reasonably large inerease of the total net
heat exchange can occur. These jumps are not present in the time series of
the total net heat exchange. Probably the influence of the external forcing
al that time prevented a large increase of the total net heat exchange. By
closer examining figure 5.5 we sce, that also after about 100, 370 and 430
years a considerable increase of the total net heat exchange takes place. The
possibility of these jumps is not really predicted by the analysis. i.e. the in-
crease of the total net heat exchange is seriously underestimated. Fspecially
the jump after about 100 years is underestimated by a factor 2. Nevertheless
the analysis seems to give an indication of the possible increase of the total

heat exchange at a given state,
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In order to investigate the value of this analysis in more detail the eross
correlation between the time series of the moving average of the total ocean-
atmosphere heat exchange in the convective arca and the moving average
of the potential increase in this heat exchange is therefore caleulated. The
cross correlation of two time series x and y is defined as

n

o lme w9 .
R=>" R , (5.1)

t=1 Y

where 6, (d,) is the standard deviation and Z(f) the mean of the time series
x(y). The cross correlation of the two time series is -0.5717. There is a fairly
strong anti-correlation between the two time series. This indicates that a
growth in the size or intensity of convection, thereby increasing the total net
heat exchange between atmosphere and ocean in Lhe convective arca, results
in a decrease of the potential additional heat exchange and vice versa. As
shown before the magnitude of these variations in the two time series can
differ substantially. The analysis underestimates the potential additional
heat exchange sometimes considerably, but an increase of the total net heat
exchange seems to result in a decrease of the potential additional heat ex-
change and vice versa. One expects therefore that the cross correlation of
the derivatives of the two time series is fairly large. The cross correlation
between the derivatives is 0.8425 which is in accordance with expectations.

The time series of the potential decrease in the total heat exchange (fig-
ure 5.6b) shows substantial variability. There are however no large peaks in
the time series and so the decrease of the total net heat exchange is mostly
underestimated. For example after about 100, 300 and 350 years there are
substantial decreases in the total net heat exchange. These decreases are
underestimated by a factor 2 by the analysis. The possible decrease of the
total net heat exchange at a given state is not very well predicted by the
analysis. Tn order to investigate the value of this analysis in more detail the
cross correlation between the time series of the moving average of the to-
tal occan-atmosphere heat exchange in the convective area and the moving
average of the potential decrease in this heat exchange is calculated. The
cross correlation is -0.2863 and so not very strong. One expects again that
a decrease in the total net heat exchange should result in a decrease of the
potential decrease in this heat exchange. To check this the cross correla-
tion of the derivatives of the two time series is again computed. The cross
correlation is -0.9126 and and thus fairly large. This result is in accordance
with our expectations. The analysis secems reasonably able to predict the
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potential additional heat exchange at a given state, whereas the potential

decrease in this hieat exchiange is not very well predicted.

5.1.3 TFreshwater flux and convection

Under a stochastic perturbation of the freshwater flux the system’s be-
haviour displays substantially variability. Tn section 5.1.1 it was established,
that changes in the size or intensity of the process of deep water formation
are an important factor for this variability. In order to investigate, what the
influcnce of the stochastic perturbation is onto this process, the experiment,
performed in section 5.1.1 was repeated. Al boundary conditions and pa-
rameters are left unchanged. A time series of the stochastic component of the
freshwater flux, averaged over the top quarter of the basin (from y=0.75M
to y=M), is made. One expects that, the influence of the stochastic pertur-
bation of the freshwater flux onto the process of deep water formation will
only be noticeable, if there is additional precipitation or evaporation during
a longer period. In order to filter the high frequency fluctuations a time
series of the moving average of the stochastic component of the freshwater
flux is made. The averaging time is chosen to be approximately 4 years.
The result is shown in figure 3.7.

After 10 years we see, that moving average of the stochastic component of
the freshwater flux in the top quarter of the basin increases substantially and
is positive during a longer period. This means, that during a longer period
there is additional precipitation in the top quarter of the basin. By again
looking at figure 5.3 we see, that at the same time the ocecan-atmosphere heat
exchange in the convective arca decreases substantially. Through additional
precipitation in the top quarter of the basin the surface water in this region
becomes less saline. This results in a decrease of the density of the surface
water, thereby creating a more stable stratification. Additional precipitation
in the top quarter of the basin thus suppresses the process of deep water
formation. Less deep oceanic warm water is mixed to the surface, thereby
decreasing the ocean-atimosphere heat exchange in the convective area.

After about 15 years the moving average decreases rapidly and becomes
negative for a longer period (about 13 years).  This means, that during
this period, there is net evaporation in the top quarter of the basin. This
ol course has the opposite effect and results in an iucrease of the occan-
atmosphere heat exchange (figure 5.3). This relationship between the two
thne series is perceptible during the whole integration. A substantial in-
crease (decrease) of the moving average immediately results ina decrease
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Figure 5.7: T'ime series of the moving average of the freshwater flux, averaged
over the top quarter of the basin in m/year.

(increase) of the heat exchange in the convective arca. Most (luctuations
in the heat exchange can be linked to fluctuations in the moving average of
the stochastic perturbation. The influence of the low frequency part of the
stochastic component of the freshwater flux onto the process of deep wa-
ter formation seems to be fairly strong. In order to investigate how strong
this influence of the stochastic perturbation is the cross correlation of the
two time series is calculated. The cross correlation of the two time series
is 0.7174. There is a fairly strong correlation between the low frequency
part of the stochastic perturbation of the freshwater flux and the variability
in the process of deep water formation. This strong sensitivity to the low
frequency signal of the freshwater foreing also explains the limited relevance
of the potential convective areas. I convection is suppressed there will be a
growth of potentially convective areas, thereby increasing the potential in-
crease in ocean-atmospheric heat exchange in the convective arca. Whether
however additional convection is triggered in those potential convective arcas
strongly depends on the actual freshwater flux.

The influence of the low frequency part of the stochastic perturbation
of the freshwater flux on variations in the process of deep water formation
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on decadal time seales is fairly strong. There are however also variations in
the process of deep water formiation which have a longer time scale. One
expects that these variations are determined by the internal dynunies of
the system. Tn order to investigate this two longer time series of the moving
average of the freshwater flux, averaged over the top quarter of the basin,
and the heat exchange in the convective area are used. Those two time
series are obtained from the experiment performed in section 5.1.2 and have
a length of 500 years. The cross correlation between those thne series is
(.-1296. There is a substantial decrease in the cross correlation which one
expects when variations in the process of deep water formation on longer
time scales are indeed determined by the internal dynamics of the model.

5.2 Sensitivity to initial conditions

In the previous section it was established that fluctuations in the external
forcing with time scales in the order of a decade strongly determine the
dynamices of the system. In order to investigate how fast the system loses its
memory about its initial state the model is integrated with the same forcing
using three different initial conditions. If the effect of the external forcing
depends on the state of the ocean the system’s behaviour will be sensitive
to different initial states. Therefore the model is integrated three times for
about 400 years under a stochastic perturbation of the freshwater flux with
a standard deviation of 0.1 times the maximum of the original freshwater
flux. All other parameters and boundary conditions are the same as in the
spin-up experiment (see 3.1). Tn cach of the three integrations a different
starting point is used. The first starting point is the spin-up state. The
states of the ocean after 31.9 and 87.2 years integration are used as the two
other starting points. The result is shown in figure 5.8, During the first
35 years the time series of the three different integrations show substantial
differences. Afterwards the behaviour of the system is reasonably identical in
all three cases. The three time series unify after about 100 years, yielding the
conclusion that the system has lost all its memory with respect to the initial
state after about 100 years. Tn the case where only one stable equilibrium s
important for the dynamical behaviour of the system one could expect this
kind of behaviour.

Tn chapter -1 however we established that is very likely that there are
also unstable equilibria which are important for the dynamical bhehaviour
of the system. This makes the explanation of the unification in this case
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Figure 5.8: Time series of the meridional heat transport in 10" W at
y=M/2, when a stochastic perturbation is added to the freshwater flux,
starting from three different initial states.
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rather diflicult. The external forcing is probably crucial for the dynamical
behaviour of the systetn and deteriiines whether the system moves towards
an stable or an unstable equilibrivim. Tn all three integrations the external
forcing is identical, therefore after a period of time the system will therefore
move, in all three integrations, towards the same stable equilibrinm. Tf the
system is close to an stable equilibrium the attraction force of this equi-
librium becomes important. ‘The system is drawn towards this equilibrium
and the influence of the external forcing is needed to keep the system away
from this equilibrium. Tn all three integrations the external forcing, which
is need to balance the attraction force, is identical. Tt is therefore possible
that under the influence of the attraction force the system is drawn in all
three integrations to the same phase path.

The result of this experiment explains the outcome of the experiment per-
formed in section 5.1. After about 125 years a reunification of the two time
series in figure 5.1 took place. In this section we found, that the behaviour
of the system is completely determined by the external forcing irrespective
of the initial state of the ocean. The explanation of this reunification is now
quite casy. The external forcing at the upper half of the basin in the upper
and total case is identical during the whole integration. This means that, if
the time series ol the upper and total case become dilferent at some point,
they will reunite after a period of time.

The behaviour of the system is strongly determined by the external fore-
ing. The system loses its memory about its initial condition after about. 100
years. Tt appears that influence of the stochastic perturbation on the be-
haviour of the model is independent of the state of the ocean. In section 4.2
we found however that the influence of the external forcing on the system’s
behaviour is very well dependent on the actual state of the ocean. These
results seem to contradict cach other. Tt is however very well possible that
the external forcing determines the direction in which the system moves in
the phase space, but that the magnitude of its influence onto the system’s
behaviour depends on the actual state of the occan. If the systen is close
1o an stable equilibrium the influence will be sialler than when the system

is close to an unstable equilibrium.
5.3 Time scale

The period after which the reunification takes place is in the order of about
100 years. This time scale scemns also to be a characteristic period of the
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system. The existence of this time scale has not been yet explained. By
again examining figure 5.4 we see, that the oscillating behaviour of the sys-
tem with a time seale of about 100 years is not only visible in the meridional
heat transport, but also in the temperature of the deep ocean. After an ini-
tial increase of the temperature of the deep ocean during the first 20 years, it
decreases rapidly with about 0.1 °C. During the next 50 years the tempera-
ture slowly increases again. Variations in the temperature of the deep ocean
substantially influence the stability of the ocean-circulation. If the tempera-
ture of the deep ocean is increased, the density on the deep ocean decreases,
thereby creating a less stable stratification of the ocean. An increase of the
temperature of the deep ocean therefore favours the process of deep water
formation. A decrease of this temperature has of course the opposite effect.
From figure 5.4 it seems, that if the temperature of the ocean becomes larger
than a certain threshold a jump in the meridional heat transport takes place.
The characteristic time scale of the system seems to be related to variations
in the temperature of the deep occan. The size and intensity of the process
of deep water formation determine the magnitude of ocean-atmosphere heat
exchange in the convective area. Increasing this heat exchange will result in
a decrease of the temperature of the deep ocean, whereas a decrease results
in an increase of the temperature of the deep ocean (sce scection 5.1.1). This
process shows however substantially variability on short time scales and it
seems unlikely, that thi