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Summary

An analytic conceptual model has been developed describing the nonlinear development of
small and large scale exlratropical cyclones towards the mature stage.

The model shows the self-development and self-limiting processes of an exiratropical cyclone
and reveals the existence of A- and B-development, as described by Petterssen and Smebye.
Even a so-called ' synoplic bomb ' can be simulated. The model also describes the essential
subsynoptic scale features, such as warm and cold frontal zones, together with the associated
conveyor belts, as well as the overrunning of the descending high tropospheric and low
stratospheric air over the warm conveyor belt, together with the tropopause fold caused by the
descending air.

A linear stability analysis has been carried out with the equations. For the unstable modes
the results agree with those of the classical linear stability theory for rectangular sine-waves.
Asymptotic expressions for the most unstable mode for large time have been obtained for the
maximum windspeed of the disturbance and the amount of spiralling of the thermal field as
function of the radius, the Coriolis parameter, the layer thickness, the stalic stability and the
thermal wind of the background flow.

Because the analytic solution consists of elementary mathematical functions, the model can
easily be run on a personal computer. This, together with the conceptual nalure of the model,
contributes considerably to the understanding of the behaviour and (subjsynoptic structure of
extratropical cyclones and makes the modei well suited for educational purposes.

As an application the model has been used for the estimation of the vertical transport of trace
gases. Calculations and statistical observational evidence, indicate that in the Northern
Hemisphere depressions generate a mean downwards ozone flux from the lower stratosphere of
about 5x1014 molecules ozone per second and squared meter. Moreover, calculated upward
vertical velocities suggest that molecules with a residence time of the order of days, originally
in the boundary layer, participate in the chemistry of the upper troposphere.
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1. Introduction

At midlatitudes the daily weather and the atmospheric transport of warmth, moisture,
momentum and trace constituents are largely determined by the extratropical cyclones (ETC's).
Therefore, for a long time, ETC's have been subject to numerous investigations (Reed 1990).
These studies can be devided into:

- synoptic studies based an measurements e.g. surface observations, radiosondes, radar,
satellites {Browning 1990, Newton 1990)

- theoretical research using the basic physical laws {Hosking et al. 1985, Hoskins 19390,
Eliassen 1990)

- simulations with analytical and numerical models (Hoskins 1990, Shapiro and Keyser 1990}
- daily operational weather prediction which currently has been reached a high standard of
performance (Anthes 1990, Bengtsson 1990).

In spite of these extensive research, the knowledge of the processes determining the
behaviour of ETC's with its associated air flows is still incomplete. This lack of understanding is
due to the complexity and high nonlinearity of the processes determining the evolution of ETC's.
Notwithstanding those difficulties, the nonlinear behaviour has been and is accurately simulated
by numerous high resolution models e.g. those of Hoskins 1976, Mudrick 1974, and the
operational ECMWF-model to name but a few. Though, those simulations and numerical
predictions have deepened cur insights significantly, the high resolution models are complex and
therefore remain difficult to understand. What is lacking up to now is a model, easy to
understand, comprising a simple analytic solution giving a conceptual description of relevant
processes on ETC's on the (sub)synoptic scales. Such a simplified model, as long as it is able to
describe most of the essential features of developing ETC's would contribute considerably 1o our
understanding and would be extremely suited for educalional purposes.

In this paper, such a simplified model is presented consisling of an analylic approximate
solution of the vorticilty and thermodynamic equations and which is also conceptual in the sense
that it describes the development, structure and (sub}synoptic air flows of ETC's. Though the
model is simple it still is complete to a high degree, namely the main f2atures on subsynoptic
scale as they are now understood such as the warm and cold conveyor belts and the downward
flow of low stratosphere and high troposphere air overrunning the rising moist warm air and
even a kind of tropopause fold are described by the solution. Another important aspect of the
model is that it can be easily run with varying parameters and graphical display on personal
computers and therefore it is suitable for educational purposes.

The model is described in Chapter 2. It is an extension of an earlier documented prototype
(Heijboer 1980a, 1980b). The vertically integrated vorticity and thermodynamic equations
used by VIMOLA (Heijboer ef al. 1389} served as basis for the choice of the components and
applied simplifications, because that model runs operationally at the KNMI producing hourly sea-
level pressure and wind forecasls on the meso-alpha scales. It has been verified against
observations and compared with fine-mesh UKMO forecasts as well. The equations of VIMOLA are
equivalent to those of the vertical two-mode model (Flierl 1978, McWilliams 1980} and
except for the numerical values of a few constants also with those of the classical two parameter
model (Hollon, 1992). The approximate solution satisfies a two parameter model based on the
semi-geostrophic equations as well, because formulated in geostrophic cocrdinates they are
formally equivalent to the quasi-geostrophic equations (Hoskins and Draghici 1977).

The components of the analytic solution, describing the behaviour of the model, consist of
elementary mathematical functions. Starting with a moving circular disturbance of the mean
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flow, which has a Gaussian shape and which is either in quasi-geostrophic balance or satisfying
the semi-geostrophic relationships, the vertically mean temperature field and the vertically
mean velocity fields are described by a sine- and cosine-wave, which move wilh the circular
disturbance and simultaneously are wrapped up by the disturbance. The thermal wind is in quasi-
geostrophic or semi-geostrophic balance. The maximum windspeed of the circular disturbance
and the angle at which the thermal field is wrapped up around the moving disturbance are
described by two nonlinear equations. They are derived from the analytic solution of the integral
enstrophy equations for the vorticity of the vertically mean flow and the thermal vorticity of

the vertically mean temperature.

Chapter 3 describes the results. Taking representative midiatitude values of the background
flow the development as well as the spatial structure of the classical ETC including the 'bomb’
are simulated. The model itself indicates some type of A- and B-development (Petterssen and
Smebye 1971) and contains the self-development and self-limiting processes of the ETC
(Palmen and Newton 13969 P.326 Fig.113).

Calculations of three-dimensional relative streamlines reveal the existence of surfaces
which separate seven flow regimes on subsynoptic scale indicating the upward flow in warm and
cold conveyor bells and the downward flow of low stratosphere and high troposphere air
overrunning the rising moist warm air. The descending air features characteristics of a
tropopause fold. The three-dimensional configuration proves to be a useful guide to interprete
real cases based on 6-hourly operational ECMWF analyses.

It is shown that, in accordance with simulations of high resolution models, at the lowest
pressure level this highly truncated model can reproduce features of the modern conceptual
visualization of the cyclone frontal evolution (Shapiro and Keyser 1980).

As an application, the transport of some trace gases by the different flows of the analytical
model is treated in Chapter 4. With the aid of statistics of ETC's for the Northern and Southern
Hemisphere, using a special approach avoiding the detailed transports in the ETC itself, the total
mean downward flux of ozone has been estimated.The flux compares with the computed and
observed values (Mahlman et al. 1980, Ebel et al. 1991). It indicates that ETC's could be
responsible for a considerable part of the ozone transport from the stratosphere into the
troposphere.

Upward fluxes of a number of trace gases probably important for the chemistry of the upper
troposphere have been qualitatively considered leading to a preliminary conclusion that
molecules, originally in the boundary layer, with a residence time of the order of days could
participate in the chemistry of the upper troposphere.

Discussion and conclusions are presenied in Chapter 5.



2. Description of the model

(a) Basic equations
The classical two parameter model contains the basic equations describing baroclinic
instability. They are the vorticity and thermodynamic equation including surface friction and
are written in rectangular coordinates x,y,p on the f-plare. The f-plane approximation is
justified because the main air flows in extratropical cyclones occur on scales smaller than

2000 km. The vorticity equation reads,
ot{Aym) + Jwm, Awm) + Gi-Jd{yr, Ay} + Ip- Kydp-ays = 0, {1)

the equation for the thermal vorticity is given by

Ay T) + Hym, AyT) + JyT, Aym)
-2-4o/{dp-Go)-om - fo-Kt/(dp-G2)-Ays = 0, (2)

and the thermodynamic equation by

dly1) + Jym, wr) o dp/(2fo) om =0, (3)
with

At the lowesl surface where p = ps the geopotential height z;  and the streamfunction yg satisfies

Z5=2m - Z7 and ys =y - YT (5)
When v is quasi-geostrophic and depends linearly on p then for G;= 1/4 and G, = 1/2 the two-
parameter model of Holton (1992) results. Taking Gy = Go = 1/3 (1), (2) and (3} are
equivalent to those of the vertical two-mode model (Flierl 1978, McWilliams 1980) and the

vertically integrated equations of VIMOLA (Heijboer, 1989).
Two other approaches are possible namely a hybride version and one based on the semi-
geostrophic equations. In stead of being quasi-geostrophic, wm can satisfy the nonlinear balance

equation
forAWm - 2{(dxywm)? - dxxWm dyyWm} = G- 8Zm , (6}
while w1 remains quasi-geosirophic satisfying

yr=gz7/f,. {7}

Another allernative is the semi-geostrophic approach of Hoskins and Draghici (1977). Defining
the geostrophic coordinates
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X=x+vg/lo . Y=y -ug/foandP=p (8)
and taking for the streamfunction
= {g.z + {ug? + vg?)/2}/y, {9)

the same equations results when o, is divided by, and ¢ multiplied by the factor {1+{dxvq-
dyug)/fo}. Thus in the semi-geostrophic case ¢* is @ measure for the potential vorticity rather

than the static stability. The semi-geostrophic approach has the advantage that ageostrophic
advection, important for frontogenesis, is implicitly taken into account. Moreover, a distinction
is made between areas of positive and negative vorticity for the value of on,.

K; is the constant of surface friction in the boundary layer, which is either fixed or

proportional to the maximum windspeed of the disturbance as described in the next section.
o* is a constant value of the effective static stability. It equals the static stability of the dry
atmosphere in the case that =0 or g<qs. However, if the intensity of the precipitation is > 1

mm/hr {Phillips 1963} the release of latent heat has to be taken into account. Such intensities
frequently occur in ETC's. In that case for which w<0 and/or g=q,

o' = G - Gg.ad. (10)
with 65 aq a constant value of ¢ belonging to the saturated adiabatic lapse rate. The net effect is a

lower value of o if latent heat is released. It is noted that in the semi-geostrophic case ¢’ is a
measure for the moist potential vorticity when precipitation occurs.

(b} Approximate analytic solution

Where the treatment of the mature midlatitude depression by Holton (1992} is only
qualitative, in this section an analytic solution is given enabling a fairly complete guantitalive

description.
For this the streamfunction yn, of the flow at the middle level p, is split up into a

background flow with constant speed Uy, equal to the velocity of the moving cyclone and a radial
disturbance wyqg. This approach is justified because ETC's are fairly radially symmetric at the

middle level.

ym = - Umy + wa{r.t, (11)
with

valret) = -tm-vm{t)-E(ry), (12)
= m, 1= {{x-Un1)2+{y)2}, (13)

E(ri) = expl[{-(r1)2+1}/2] = exp[{rm2-(x-Um1)2-y2}/(2-1m2)]. (14)
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m is the radius for which the windspeed v = d,(wg)} equals the maximum value v, In the semi-
geostrophic case x and y have to be replaced by the geostrophic coordinates X and Y,

respectively.
Following James (1950) and McWilliams and Flierl (1979), for the disturbance gy a

Gaussian shape was chosen. For ry<2r,, this resembles solutions obtained by Flierl (1979} for

barociinic solitary waves with radial symmetry. A Gaussian profile compares reasonably with
the shape of mature depressions observed on synoptic weather maps. As is shown in the
Appendix the elementary exponential function (14) enables a simple analytical evaluation of the
integral enstrophy equations derived from (1} and (2) which were used to determine the
equations for v, of the disturbance and o, of the thermal field.

In the case the streamfunction of yy is quasi-geostrophic the geopotential height z4 of the
disturbance becomes

24 = fo/Q-wyg (15)

either after the subslitution into the noniinear balance equation (6)
zg(ri ) = fo/g wqlrs ) - 142.g-12){fo/g-wy(ry.1)}2. (16)

It is easily shown that for constant vy, (11) satisfies the barotropic vorticity equation
dt(Aym) + Hwm.Awm) = 0, which is a reasonable prognostic equation for the flow at 500 mb on
the scale of midlatitude depression for a couple of days ahead. Moreover, for a barotropic
almosphere a circular disturbance like (11) with constant vy, satisfying the nonlinear balance
equation is an exact solution of the complete set of inviscid primitive equations in x, y, p-

coordinates.
The description of the thermal field needs special attention because the development of the

ETC depends on the evolution of that field. Looking for a simple mathematical expression,
synoptic weather maps reveal that the thermal pattern {warm and cold tongues in the thickness
field 500-1000 mb) of developing cyclones is wrapped up by their cyclonic circulation.
However, it is noted that in developing ETC's the horizontal temperature advection is opposed by
an increasing value of wy (Palmen and Newton 1969 Pp. 326). In the mature stage the
development is stopped by the effect of the vertical velocity and the thermal pattern will move
without appreciable change of shape with the velocity of the depression. In that case the
thermodynamic equation (3) becomes wm=2-f5/{c*-dp)-J(ywq4.wT). Thus, a suitable
parametrisation of wn, is suggested by the assumption that it is time-dependent proportional to

the advection of the thermal field yt by the disturbance w4. Proposing that o, satisfies
om = {1-k()}-24/{c " dp)Jd{wq, y7) {(17)

after the substitution into (3) it follows that

dyr = - K{t)-J(wa, yT). (18)

It should be stressed that though (18) is a reasonable descriptive equation for the mean thermal
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field (thickness 500-1000mb), it is certainly not generally applicable for the temperature at
arbitrary levels where the detailed vertical temperature advection play a role.
Concerning k, it appears that it is positive between 0 and 1. During the development it

decreases towards k=0 in the maiure stage.
A simple mathematical function for w1 describing the spiral form of the warm and cold

tongues is a single sine-wave like
wr = - Ur-g(r1.1)-sin{o - h(ry ,h}. (19)

The functions g and h are prescribed by the demands of egs. (12) and (18) and the initial
condition that at t=0, y1 satisfies the uniform thermal background flow

WTbackground = - UT'¥ = - Ur:Tm-T1-5in{0). (20)
Substituting (19} into (18), using (12} and (20) result in

g{r1,0) = glre.t} = rmry, (21)
and

h(ry.0) = 0, h{r1 1) = om(t) E, {22)
with

dtdm =K{1}-vm {trm. {23)

Thus, yT consists of a sine-wave moving around the transfating disturbance yg with an angular
speed depending on radius ry. Forr=ry, E(ry) = 1 and the angular v:locity equals dyoy, . For
ry — « with E(ry) — 0, w1 satisfies the background thermal field.

It is noted that for values of U, ry, and ¢, representative for midlatitude cyclones the
computed patterns according to (19) typically resembles those of the thickness 500-1000 mb

fields in developing cyclones.
To close the solution, the maximum windspeed vy, of wg and the angle ¢, have 1o be

determined as function of time. Synoptic experience shows that an enstrophy cascade takes place
in developing cyciones by the elongation of the thermal vorticity patterns. Therefore, it is
required that the solution satisfies the integral enstrophy equations for wq and yr1.The

derivation is given in the Appendix. The resulting equations for vy, and ¢n, read:
WVm = 32-Gq1-Ur2/ry dm - fo- Ke/dp v, (24}

with Kt dependent on v, according to

Kt = Kir IVl (25)



and a constant value is taken for Ky.
MNom = {(KmodTm?2 - 3)Vm/Tm - fo-Ke/(dp-Ga) (3-¢m+3/16-€:0m?) }
H{Kmod Tm?2 + 3 + 3/8-e6m2). (26)
with the model's constant Kqqq given by
Kmod = 4-§2/(dp2-c*-Gp). (27)

The validity of the approximate solution was tested by comparing it with the results of a
numerical time-integration of the complete set (1), (2) and (3} starting with vy =20 ms-1 and
om=0 as initial conditions with and without surface friction included (constant Ki) showing fair
agreement for about one day in advance. An example is given in Chapter 3 which describes the

results. The model shows that the thermal field, mean vertical velocity and the geopotential
height field zs at sea level exhibits the structure of the classical well developed ETC (Palmen and

Newton Pp. 326 Fig.113). This is fairly consistent with numerous examples derived from
synoptic weather maps and satellite images with respect to the locations of the vertical velocity
pattern, the thermal field and the pressure pattern at sea level showing the through, bent-back
warm frontal zone with the maximum windspeeds and the cold frontal zone.

{(c) Stability analysis

A stability analysis is carried out on the linearized equations (24) and (26). Assuming a
frictionless atmosphere (Ky = 0), a small amplification {small ¢y} of the thermal wave, (24)

and (26) can be linearized and become

NVm = Cy-dm, dm =Covm, {(28)
with
Cy = 3/2.Gy-Ur2itm, Cy = (Kmog'Tm? - 3J{(KmodTm? + 3)Tm}. (29)

Under these assumptions a stability analysis can be carried out for an initial disturbance g
with a finite amplitude. It can be noted that (28) also holds wilh friction if vy of the initial

disturbance is small. Assuming the solulion

vm(t) = vm(0)-exp(ort), om(t) = ¢m(0}-exploy-1), (30)
the frequency ¢ has to satisfy

at =+ WCy-Coy). (31)

Unsiable solutions exists for Kmog-fm? > 3 and stable oscillating solutions for Kped-rm2 < 3. The
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most unstable mode (maximum ;) is found for
Kmod Tm2 = 3 + 332 . (32)
The ratio of the amplitudes of the solutions for the most unstable radius ry satisfies
V(0 om{0) = + ¥{C,/Cy) = + 1/2UTV(2+2V2). (33)

The instability of isolated vortices has been siudied by McWilliams and Gent (1986) and
Flierl {1888). They show that a circular barotropic disturbance is unstable to a sinusoidal
perturbation in the thermal field if il is big enough compared to the deformation radius ry, here
given by Kmog Tm2=3.

The unstable circular modes are excited by the baroclinic instability of the background flow
in the same manner as the unstable sinusoidal perturbations of the classical stability analysis.
This has been investigated by linearizing (1) and (2). After the subslitution of a rectangular
sine-wave with wavelength Ly and Ly in the y- and x-direction and assuming that Ly=4.ry, the

results can be compared with those of the circular disturbance. The agreement is remarkable as
well as for the most unstable mode (Kimod-fm2= 3(1+¥2) versus 3.08(1+v2)), the neutral
mode (Kmodg Tm2=3 versus 3.08), the exponential growth (0.46-U7/rm-t versus 0.58 Ut/ry-t)

and the ratios of the amplitudes between height and thickness (1.10 versus 0.90}.
To explain this agreement it is noted that the total field of yiz can be thought to be composed of

a series of subsequent circular disturbances in the x-direction with alternating rows of
cyclones and anticyclones in the y-direction having a mutual distance of 4.ry; {(such a distance
assures little mutual interaction). Grouped in that way nearly the same perturbation in the
thermal field as for the rectangular sine-wave with L,/L,=2 and Ly=4.ry, will be forced. See

Fig.1 which shows a sketch. Defining now
Epqg= (-1)3.exp(0.5)-exp[-{{x/rm-4-p)2+(y/rm-4-q)2}/2], (34)

vq and yr can be written in a series and, for small v, and ¢, can be approximated by a
rectangular sine-cosine-wave like

Yd = TmVm{Z Epgq)= Imvm-exp(0.5)-1/2-{cos(2n/Ly x}+1}.-cos(2n/Lyy), (35)
p.q=0

(=) o

w1 = -Ur-y-Ur-[{cos(Z Epq om)-1}y -sin(X Ep gom)x}
p.qg 0 p.q=0

= -Ury + Urrym-exp(0.5)-om-sin(2n/Ly)-cos(2n/Ly). {36)

With these approximations the application of the classical linear stability analysis directly
leads i{o the desired results.
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(d) Asymplotic expression for the most unstable mode

The circular disturbance yqy with small intensity (v, small) is embedded in the background
thermal field with constant velocity Ut having a weak wave disturbance (¢m small}. In that case
(28) hold at t = 0 and {24) and (26} predict the nonlinear evolution of vy and ¢,
respectively.

The asymptotic solution is obtained for large t for which vy > 0 and di¢m — 0. From (24),
(25) and (26), using (27} and (32), the following relations for rm, ¢m and vy, can be found
for the radius r,, with the maximum growth rate.

r = dp/(2-fo) Vic* Gp(3+3V2)}, (37)
1/16-0m3 + 0m = 2¥(2-G2)/[Kg-V{o"{3+32)}], (38)
V2= UT2/(242). G1/Gp(3/16-@dm3+3-0m2). (39)

According to {23) k(1) — 0 for large t because d¢yy — 0. Using k(1)=0 it follows from
(12), (17) and (19) thal the minimum value wmin Of wm is found for ry=1 and ¢= ¢m and

reads
Omin = - 2-fo-Urvm/(c*-dp. (40}

The qualitative behaviour of the solution depending on variations in the thermal background
flow U7, the effective static stability ¢*, the constant Ky of the surface friction and the layer
thickness dp can be inferred from (37)-(39} i.e. that for the thermal background flow
increasing Ut leads to increasing vy, and decreasing omin. that for the effective static stability
decreasing o* leads to decreasing ry and increasing ¢m. vm and decreasing omin, that for the
surface friction decreasing Kj, leads to increasing ¢m, vm and decreasing omin and thal for the

layer thickness decreasing dp leads to decreasing rm and tmin.

Summarizing

The solution supports the meteorological evidence that:
-Strong spiralling of the thermal field and vertical velocity pattern occur in an environment
having low effective static stability and low surface friction.
-Large cyclones of strong intensily can be expected in an environment with strong baroclinic
background flow, low effective static stability and low surface friction.
-Small scale cyclones occur in an environment with low effective static stability and small
layer thickness.
-Strong vertical velocity occurs with strong baroclinicity, low effective static stahility and

small layer thickness.
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3. Resulis
(@) Comparison with a numerical integration

To check the validity of the approximate analytic solution a comparison was carried out with
a numerical integration of (1}, (2} and (3) using G1=Gz=1/3 formulated in a moving
coordinate system with speed U, The integralion was performed using second order difference
approximations for the Laplacians and Jacobians and a leapfrog time-stepping scheme with
steps of 15 minutes on a square grid consisting of 40x40 points with a grid distance of 75 km.
To prevent nonlinear instability, waves with wavelengths of two and three grid distances were
removed by applying the smoothing operator developed by Shuman (1957), after every three
hours of integration.

The following values fairly representative for occurring midlatitude cyclones were chosen: g
= 9.8 ms2, f, = 104 s-1,py = 2x104 Pa, ps = 105 Pa, for the background field a constant Upy

= Uy =10 m s, for the circular disturbance r;, = 5x105 m lying in the range for North
Atlantic depressions (Dodds 1971). Initial values for t = 0 were v, (0} = 20 m -1 and ¢m(0)
= 0. Thus the initial situation consisted of a well developed circular disturbance superposed on a
constant uniform baroclinic background field.

The results of the computations depend on the value of the effeclive static stability. Two
values for the slatic stability parameter ¢* were chosen namely o* = 2.2x10-6 kg-2m4s2 and a
much lower value o= 2.2x10-7 kg-2m4s2. The first is a characteristic climatological
midlatitude value for a dry almosphere having a normal tropospheric stratification. Taking that
value, a 36 hours numerical integration showed a solution with little development of the
disturbance. Due to the choice of the initial values and no surface friction the stability analysis
of Chapter 2 may be applied. It predicts a stable solution because Kmod rm? =2.1 and thus < 3.
However, in practice it turns out that the effective static stability in exiratropical cyclones is
lowered in the northwards moving warm moist air due to the release of latent heat and in the
southwards moving cold air by the upward transport of sensible heat.

Taking a value for 6'= 0 - 65.a4. = 2.2x10-7 kg-2m4s2 and a representalive climatological
value o = 2.2x10-6 kg-2m4s2 the static stability of the moist adiabat becomes ogag. = 19.8x10-

7 kg2m4s2. Fig.2 shows the relationship between the average value of the static stability over
the layer 350 mb to 850 mb belonging to a moist adiabatic lapse rate as function of the
temperature 6 at 1000 mb (Heijboer 1977 P.37). As can be seen from Fig.2 the value ogag. =
19.8x10-7 kg-2m4s2 lies in the range 170C-230C. This is in agreement with a study of Kuo et
al. (1991} who find seven depressions characterised by the fact that the early stage of
development was located over the warm ocean in the vicinity of the Gulf Stream with sea surface
temperatures ranging from 170C-230C. Also Sanders and Gyakum (1980) conclude that the
beginning of explosively deepening marine extratropical cyclones, with central pressure falls
at sea level of at least 1 Bergeron during 24 hours, is located over relatively warm walter along
the edge of the Gulf Stream or in the Sargasso Sea in the area between 350N and 400N and
between 659W and 750W.

Concerning the cold air, which is drawn in from the continent over the warm sea by the
developing cyclones, a large destabilization of the air can be expected causing a lapse rate

approaching that of the dry adiabat.
Studies carried out with numerical modeis sustain the low effective static stability occurring
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in developing cyclones as well. With respect to the influence of the surface fluxes of sensible
and latent heat on the lapse rate and therefore on the development, no significant influence is
indicated during the rapidly deepening stage {Heijboer 1977, Fantini 1990, Kuo et af. 1991).
It is likely that the adjustment towards low effective static stability allowing rapid development
has already taken place before. Therefore, consistent with the given arguments, for the
simulation of a developing extratropical cyclone, numerically as well as analytically, a low but
constant value ¢°=2.2x10-7 kg-2m4s2 was taken for the ascending warm moist air and for the
descending cold air as well. For that value an unstable solution can be expected because

Kmod Tmé=21.3.

The numerical solution for t=6 hours is represented by Fig.3. The thermal field experiences
a wave-like amplification. The wy-field (positive and negative) shows the pattern typical of a
young developing wave. The configuration resembles well the composite picture of the incipient
bomb of Sanders and Gyakum (1980). The figure clearly shows a negative o located over the
low at sea level characteristic of a developing extratropical cyclone. The integration for t=18
hours is shown in Fig.4{a) {(composite piciure of thermal field zt, height z; at 1000 mb and
vertical velocity wm). The figures clearly show the configuration of the classical well developed
extratropical cyclone (Palmen and Newton 1969 P.326 Fig.113). The thermal field is spiralled-
shaped with warm and cold tongues. The height of 1000 mb shows the classical trough at the
rear of the depression with a low level jet (reverse thermal wind shear). The w-patiern is
consistent showing upward motion over the trough. Downward motion occurs after the cold
‘front' and the pattern penetrates toward the low pressure centre as can often be observed from
satellite imagery.

The numerical solution of the exiratropical cyclone was used as reference for the validity of
the analytic approximate solution. Starting from the same initial situation the analytic solution
for t=18 hours is given by Fig.4(b) (composite picture of zt, z5 and my). Comparison of Fig.
4(a) with Fig.4(b) shows a reasonable agreement between the numerical integration and the
analylic solution.

(b) Scale dependent behaviour of the asymptotic solution

In Subsection 2{d) the qualitative behaviour of the asymptotic solution has been discussed. It
is interesting to investigate the relationships (37)- {40) more quantitatively. For the
numerical values of g, f,, py and ps given in 3(a) the dependence of the solution as function of

the radius ry, with the maximum growth rate on variaticns in Ut and ¢* of the background flow
was investigated. The surface friction was taken into account. For a value of Ky = 200 kg m-2s-1
and v, = 10 m s-1, according to {25) K¢= 2000 kg m-1s-2 in accordance to the experimentally

determined constant vaiue used in VIMOLA (Heijboer et al. 1989).

A necessary condition for reliability of the resulls is the requirement that the Rossby
number Ro<1 for the quasi-geostrophic solution as well as for the semi-geostrophic solution,
since in the latter case when Ro approaches 1 in the semi-geostrophic space the vorticity in the
physical space tends to go to infinity (Hoskins and West 1979). For a circular disturbance, Ro

is given by
Ro = vin/(fo-Tm) = Vm /(U fo1m).Ut. (41)

Table 1 shows the upper bounds of Uy for several values of ry, and the ratios vy, /Ut. This table
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shows the high scale dependency of the solution for the static stability o*, the angle ¢ at which
the thermal field is wrapped up along ry, the ratios vm/Ut and omin/Ven .

TABLE 1. Scale dependency of the asymptotic solution of Egs. (34)-(36) as function of the
radius rp, for the most unstable mode.

[ Ut " Om vi/UT Omin/¥m?2
(km) (ms 1) {10-7m4kg 2s2) (mmin Mb 24h-1)
(Ro<1) (v m s 1)
1000 <59 25.9 810 1.7 -0.5
500 <17 6.5 1220 2.9 -1.2
250 <5 1.6 1710 4.9 2.7
100 <1 0.3 2520 9.3 -9.0

For the typical midlatitude cyclone with r=500 km and Ur=10 ms-1 Table 1 shows that
bm=1220, v =29 ms-1 and omin=-1000 mb 24h-1 which are reasonable values. Small scale
vortices such as polar lows wilh ry=100km are highly wrapped up in the thermal and vertical
velocity fields and occur in an environment with low effective static stability o~ and vertical
windshear Ut (Businger 1985 1987, Businger and Reed 1983, Emanuel and Rotunno 1989,

Rasmussen 1979 1985, Turner et al. 1991).
(c} Simulation of a bomb

To simulate the ETC from the initial situation towards the mature stage, Egs. (24) and (26}
were integrated numerically using forward time difference schemes with time steps of 1800 s.

Because the final situation is determined by the asymptotic solution,
which can be calculated independently, a check on the accuracy of the numerical computation

was possible. Time steps of 1800 s proved to be sufficiently accurate.

The initial situation consisted of a weak disturbance with vy, = 1 m s-' and a uniform thermal
background field with constant Ut and ¢,, = 0. The integrations were carried out with varying Ut
and varying effectivestatic stability o*. The following numerical values were chosen: g = 9.8 m
g1, fy = 10-4 51, 1y = 5x105 m, py = 2.12x104 Pa, ps = 1.012x10% Pa, dp = 8x104 Pa, K
- 200 kg m-2s-1. The lowest level was chosen at the fairly representative climatological value
of the surface pressure (1012mb).

At first a run was performed with Ut = 10 m s-1 and ryy = 500 km. Assuming for ry the most
unstable radius then according to (27) and {(32) o* must have the valie c* = 6.5x10-7 kg-
2m4s2.

Concerning the central pressure fall the criterion at 450N for the development of a bomb is a
fall of 1 Bergeron during 24 hours which means a Ap = 24xsin450/sin600 = 19.6 mb/24h
(Sanders and Gyakum 1980, Sanders 1986). Fhus taking Ut = 10 m st and o = 6.5x10-7 kg~
2m4s2 only moderate development is achieved typically for a normal ETC. However, using the
value for a¢* of 2.2x10-7 kg-2m4s2, which after Subsection 3(a) corresponds better to
explosive development, the computed pressure fall strongly increased. The computed pressure
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followed the profile for the rapidly developing North Atlantic depressions (Smigielski and Mogil
1991} during a period of 48 hours from t = 80 h to t = 138 h. The central pressure fall given
in Fig.5(a) satisfied the bomb critericn of Sanders and Gyakum (1880}, although according to
the category of intensities applied by Sanders (1986) it was a weak bomb. Fig.5(b) shows the
strongly increased development of vy, resulting in a much stronger final windspeed. Fig.5(c}
expresses the strongly increased oy, in the final stage from 1200 to nearly 2400,

For the values of Ur= 10 m s-1 and o* = 2.2x10-7 kg-2m4s? the radius rmy= 500 km is not
the radius of maximum instability, which occurs for o* = 6.5x10-7 kg-2m4s2. Demanding the
same value of v, as was computed in the asymptotic case for the run with Uy = 10 m s-! and ¢”

= 2.2x10-7 kg-2m#4s2then, according to (37), (38) and {39}, the corresponding Uy can be
computed. It amounts to Ut = 14 m s-1. The results for that run are given by the dashed lines in
Figs.5(a)-5(c). This leads to the result that the development of the pressure and pressure fall

were very similar 1o those of the run with Ur = 10 m s-t and ¢* = 2.2x10°7 kg-?m4s2, but o

and the vertical velocity were a factor two less intense. This outcome can be inferred from

(37}, (38) and (39} because ¢n only depends on o™ and vy, is proportional to Ur.

Thus a weak bomb was simulated under different conditions namely by the increase of the
baroclinicity of the background flow or by the lowering of the effective static stability. In the
lalter case of a lower effective static stability the shape of the thermal pattern and therefore the
pattern of the vertical velocity was more spiralled with accompanying intenser verlical

velogities.

(d) Sensitivity of the analytic solution to the initial
conditions

In Subsection 3(a) the numerical and analytical solution was computed for t = 18 h starting
with v, = 20 m s-* and ¢ = 00, where in 3(c) for the simulation of the bomb the initial
condition was v, =1 m s-! and ¢, = 00. The question arises how sensilively the asymptotic
solution depends on the initial values. For that purpose integrations were carried out for
different values of v, with ¢, = 00 forwards in time towards the asymptotic solution as well as
backwards in time.

The calculations were performed with values Ut = 10 m s-1, g* = 2.2x10°7 kg-2m4s2 and ry,
= 5x105 m. The solution showed a hyperbolic characler with three equilibrium points namely
wo stable points consisting of asymptotic solutions for a cyclone and an anticyclone and the

origin which was unstable.
Only the trajectories with v;>0 and ¢,,>0 are relevan! for developing cyclones and they are

shown in Fig.6. All trajectories starting with ¢ smaller than about 60° and v, smaller than
roughly 10 ms-! rapidly converge indicating no significant difference between cyclones in the

stage of rapid development.
The diagram suggests two types of cyclone development namely type A and type B as described
by Petterssen and Smebye (1971). Type A-development is localed near the positive gm-axis.

Disturbances starting with small v, have a disturbed thermal ficld but little vorticity advection

at the middle level. Thus thermal processes tend to dominate initially. Type B-development is
associated with disturbances starting near the posilive vy-axis with small ¢,. They have

appreciable positive vorticity advection at the middle level initially.
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Concerning the initial conditions it is noted that the existing initial situation has been arisen
from the flow before t=0. Thus in the case of A-development the disturbed thermal field of that
special form must have been already created by a disturbed flow. In the case of B-development a
circular barotropic disturbance already exists. One can imagine that remnants of earlier
disturbances could be responsible for it. Therefore, the B-development seems to be of more
practical relevance than the A-development.

It is interesting to note that the analytic solution given in Fig.4{b) with v, = 20 m s-1 and
om =111C is located in the area where the trajectories converge. Furthermore, it is clear that
the start values of vip = 1 m s-1 and ¢m, = 00 used for the simulation of the bomb nearly

coincides with the trajectory starting from the origin fowards the asymptotic solution of the
cyclone which is in the middle of all converging trajectories.

Numerical integrations revealed a great numerical insensitivity for alt calculations forward
in time towards the asymptotic solutions. However, starting from the asymptotic solution
backwards in time the results were very sensitive to the exact start values and even round off
errors were important. These results are also suggested by Fig.6 showing the divergent
trajectories from the cyclone.

(e} Three-dimensional relative streamiines

Up to now only vertically averaged variables such as the mean height 24, the thermal field
z1, the mean vertical velocity @ and the height of 1000 mb zg = 2, - 21 have been considered.
However, it is possible 1o get a view of the three-dimensional struclure. Therefore, it is

assumed that the rotational as well as the irrotational parts of the horizontal wind depend
linearly on p. Then using the continuity equation with the boundary conditions w = 0 for p = py
and p = ps, the rotational horizontal components u and v and the vertical component o dependent
on x,y, and t but also on p can be derived. They are given by (A50), (A51) and (A52} in

Subsection (b) of the Appendix.
Three-dimensional streamlines relative to the moving cyclone were computed for the analylic

solution given in Fig.4(b) with vi; = 20 m s-1, ¢ = 1110, Keeping t constant the computation
was carried out with a trajectory program applying the following relationships:

dxq/dt = u(xq y1.p1.1), (42)
dyq/dt = v(x1,y1.pP1.th (43)
and

dpy/dt = 2.0(x1,¥1.P1.1)/(Ps - Pu). (44)

with the relative coordinates x; and yy given by (A40) and py given by (A37). To avoid
computational instability the integrations were carried out with a leapfrog scheme with shoit
steps of 324 s (100 steps in 9 hours). Such short intervals yielded sufficiently accurate

resuits.
Due to the existence of separation surfaces seven different flow regimes could be

distinguished. They are depicted in Fig.7, which is a qualitative three-dimensional view of the
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channel from west lo east in which the cycione is embedded. To distinguish stratosphere air
from troposphere air in the model it was crudely assumed that a 'tropopause’ is situated at 300
mb in the western part of the channel. The seven flows are:

1 Warm moist conveyor belt with inflow at the eastern side in the boundary layer and outflow in
the high troposphere at the eastern side,

2 Flow of the environment only slightly influenced by the depression with inflow al the easlern
side in the low troposphere and outflow at the western side in the low troposphere,

3 Cold moist conveyor belt with inHow at the eastern side in the boundary layer and outflow at
the western side in the boundary layer,

4 Descending low stratosphere air an¢ high troposphere air overrunning the warm conveyor
belt with inflow at the western side and outflow at the eastern side of the cyclone,

5 Flow of the environment influenced only slightly by the depression with inflow al the western
side in the low stratosphere and high troposphere and outflow at the eastern side in the low
stratosphere and high troposphere,

& Descending low stratosphere air and high troposphere air inlo the boundary layer of the
troposphere with inflow and outflow at the western side,

7 Circulating air in the core of the cyclone upwards and downwards and moving with the speed of
the cyclone.

Trajectory caiculations show that the updraught from the low troposphere to the high
troposphere takes place in about one day. Flow 1 fealures some characteristics of the warm
conveyor belt documented by Green et al. (1966), Browning and Harrold (1970), Harrold
(1973), Carlson (1980}, Browning (1985, 1990). The air of flow 3 is under flow 1 and
moves upwards towards above 400 mb around the cyclone on the northern side while it is
moistened by the falling precipitation of flow 1. At the western side of the cyclone it moves
outwards and downwards. This suggests characteristics of a cold conveyor belt (Carlson 1980,
Ludlam 1980, Browning 1985, 1990). The pattern of upward motions compares with those of
satellite images of synoptic scale cloudiness of well developed ETC's. The air of flow 4
originating from the low 'stratosphere’ and high troposphere moves eastwards and downwards on
the southern side of the cyclone. On the eastern side it moves sharply upwards overrunning the
air of flow 1. !t indicates the overrunning of a warm conveyor belt (Miles 1962, Browning and
Monk 1882, Browning 1985, 1990). The descending air of 4 and 6 originating from above 300
mb featured a funnel of a tropopause fold. The funnel had horizontal width of 100 to 200 km, the
shape and the spatial dimensions are not contradicted by theoretical and observational studies
(Reed 1955, Danielsen 1968, Hoskins and Bretherton 1972, Shapiro 1980, Uccellini et al.

1985, Ebel et al. 1991).
(f) Lagrangian evolution of the thermal field near sea level

It is shown in this subseclion that the analytic solution features the conceptual model of the
structural evolution of the surface thermal field characteristic of developing marine ETC's as
described by Shapiro and Keyser (1990). Therefore, the thermodynamic equation with the
assumption that w=0 is applied at the pressure level just above the friction layer. Then the
temperature Ty at p=ps is completely determined by the horizontal advection

a[Ts + Us‘asz + VS f‘)yTS = G. (45)

Using the analytic expression for u and v given by {A50) and {A51)} for p=ps (p1=1), a
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Lagrangian integration of (45) can be easily performed. This has been carried out using the
trajectory program described in Subsection 3(e) for the x- and y-coordinates of the points of a
mesh consisting of 30x30 grid points with d=100km. They were integrated backwards in time
to t=0 where the corresponding values of Tg for t=0 belonging to the fieid given by (20) were
picked up. A number of integrations were carried out using difterent initial values of vy, at 1=0.

All runs showed features of the evolution of the surface thermal field typical for developing
marine ETC's such as frontal fracture, bent-back warm frontal zone at the mid point of
cyclogenesis and a warm-core seclusion in the post-cold frontal air within the mature, fully
developed cyclone. An example is given by Figs.8(a)-8(d) showing the evolution of the isobars
and of the thermal field near sea level, starting at 1=0 in Fig.8(a). Subsequent figures are in
steps of 12 hour, showing the weli developed cold front, warm conveyor beit, frontal fracture
and bentback warm frontal zone (Fig.8(d)). These figures were produced with the software
package of the model, which runs on an IBM compatible personal computer. Evolutions like this
with varying background flow parameters can be handled easily. It illusirates the feasibility of

the model for educational instruction.
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4. Application to the transport of trace gases

At KNM! 6-hourly ECMWF analyses are being used for research on the transport of trace
gases whose vertical distribution is important for the radiation balance in climate models. It
proved that the conceptual picture of the flow regimes of Fig.7 of the analytical mode! was very
useful 1o interpret the results of the analyses for the detection of the flow regimes in cases with
developing ETC's. In this chapler an applicatior of the model with respect to the transport of

some lrace gases is described.

(aj Scale dependency of verlivai velocily and stalistics
of depressions

The vertical distribution of trace gases is determined by sources, sinks, chemical reactions
and by atmospheric transport. Unfortunately, the knowledge of vertical transport is far from
complete. Contrary to the horizontal transport the vertical movements are sensitively scale
dependent i.e. the vertical velocity is roughly inversionally proporticnal to the horizontal scale
of the disturbance ranging from 0.1 cm/s for planetary waves to several meters in cumulo-
nimbi. A sensitive scale dependency was also displayed by the analytical model.

For tropospheric chemistry models a regular large scale upward movement of w=0.00015 m
s-! is assumed (Hidalgo and Crutzen 1477, Warneck 1988). This leads to a time scale of
vertical transport through the troposphere of 20 months. For eddy transport a value of K=15
m2 s-1 is not unusual {Hidalgo and Crulzen 1977). This leads to 1 month's time for transport
from the boundary layer to the tropopause. However, a large part of vertical transport through
the troposphere at midlatitude is not gradually and slow. As will be argued below it occurs
rapidly and organised. Migrating ETC's embedded in the large-scale circulation
(Gross-Welter-Lage) play a key role in the rapid vertical transport through the whole
troposphere and in the vertical exchange between the troposphere and the lower stratosphere at
moderate latitudes. As was indicated by the analylical model and confirmed by observations,
ETC's contain a couple of downward and upward airstreams i.e. low stratospheric air and high
tropospheric dry air move downward on the backside of the moving dep 2ssion causing a
tropopause fold, while moist warm low tropospheric air moves upward on the frontside of it
into the high troposphere pushing the tropopause upward. The characteristic exchange takes
place on a time of one to two days.

To obtain an impression of the impact of ETC's on the global transport of trace gases first the
available slatistics have to be considered. A number of studies are devoted to the statistics of
ETC's {Pettersen 1956, Dodds 1971, Kletter 1972, Viezee ef al. 1983, Nielsen and Dole
1991). The results of Klelter for the frequency of occurrence and cyclonic tracks of ETC's for
the Northern and Southern Hemisphere, separated for the four seasons are given in Table 2.

TABLE 2. Frequency of occurrence of cyclonic tracks in the
Northern and Southern Hemisphere for the four
seasons after Kletter (1972).

jan-march april-june july-aug sept-dec total
NH 57 45 34 44 180
SH 52 29 53 H 225

Total over the whole earth 405
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Dodds has studied depressions in an area bounded by latitudes 400N and 650N and longitudes
409W and 400E for the years 1965, 1966 and 1967. He found that al the maximum depth, the
depressions per year are distributed as follows: 67 atlantic, 9 Europe and 20 mixed. Thus
tolally 96 cyclones per year in the domain indicated above. From Kletter's analysis it can be
deduced that the North Pacific contains roughly two times as many cyclones as the North
Atlantic. That means that the number of Dodd's cyclones can be roughly mulliplied by a factor of
3 obtaining for the whole Northern Hemisphere 288 cyclones.

Kletter has found that in the Northern Hemisphere cyclones move from around 40°N towards
about 600N at the the West coast of the USA and Europe. In the Southern Hemisphere he found
that cyclones move nearly zonally between 400S and 60°S and the longitudinal distribution is

also rather homogeneous.
Viezee and Johnson estimates the number of cyclones for the Northern Hemisphere to be

about 365 in a year that is one per day.
The mean radius of ETC's ranges from 200 to 2000 km {Nielsen and Dole 19381).

(b) Estimation of the mean downward transport of ozone
from the lower stratosphere to the troposphere

The downward transport of ozone could be calculated for each pressure level by multiplying
the mass flux with the mass mixing ratio of ozone. However, in view of the highly truncated two-
parameter model based on either the quasi-geostrophic or semi-geostrophic equations, such an
approach is not very appropriate and probably leads lo inaccurate resulis. A more attractive
manner is suggested by the streamlines’ calculations treated in Subsection 3(f). The results of
these calculations are not contradicted by the observations. Thus, at least qualitatively, the
calculated air flows are correct and suggest that a developing depression consists of an
increasing number of rotating air particles drawn in from the environment forming a
translating system. A part of these particles originate from the lower stratosphere and another
larger part from the troposphere. With respect to ozone, only the total number of molecules
drawn in from the stratosphere towards the troposphere for each depression separately has to
be estimated and the detailed transport in the depression itself does not matter. This number can
be estimated by fooking in the western part of the channel where the surfaces separating the air
flows are still undisturbed.

To keep the problem simple it has been assumed that the stratospheric air is separated by the
tropospheric air by the 300 hPa surface, but it must be noted that similar estimates can be
carried out taking a more realislic sloping tropopause. The stratospheric air in the channels 6
and 4 of Fig.7 is caught in and pushed downwards in the depression. A part of this air is drawn
into the core and eventually mixed with tropospheric air. Stratospheric air in flow 6 will be
deposited in the lower troposphere and the boundary layer, while the stratospheric air of flow 4
represents transport from the lower stratosphere into the upper troposphere and partly back
into the lower stratosphere.

Consider first channel 6. The streamline calculation of Subsection 3(f) indicated a width of
800 km and a height of about 1.5 km for the air stream with a relative forward movemenl of 10
ms-1. Taking an ozone concentration of 3.0x1078 mol m-3 at 300 hPa and 500N (Komhyr et al.
1989) a quantity of 3.6x1028 mol per second is sucked in in channel 6. The deposition will take
place one or two days after the passage of the depression. This is supported by observations (e.g.
Wakamatsu et al. 1989). Assuming that the effeclive downward transport takes place during
half of the characteristic total life-time of four days of the cyclone, the total transport per
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depression in channel 6 is about 6.2x1033% molecules ozone.

For channel 4, with a larger width of 1000 km because it occupies a larger part at 300 mb
and a same thickness of 1.5 km as for channel 6 and a same relative velocity of 10 ms-1, the
transport amounts to 4.5x1028 mol s-1. Assuming again an effective downward transport during
2 days, 7.8x1033 molecules ozone per second are caught in. However, a fraction of these
molecules will return into the lower stratosphere. This fraction is dependent on the height
differences between the tropopauses ahead and behind the depression and the amount of mixing
by convection and shear instabililies between channel 4 and 1. That fraction is taken to be 0.5.

Channel 7 represents the flow in the core. Assuming for the core a characteristic radius of
500 km near 300 mb and a thickness of 1.5 km of stratospheric air which has been caught in
and will be mixed with tropospheric air, a total number of 3.5x1033 molecules ozone is mixed.
This number compares with a vafue of 2.5x1033 mol ozone per day according to Vaughan and
Price (1990).

The total number of ozone molecules drawn in by an ETC is the sum of channel & (6.2x1033)
plus channel 4 (3.9x1033) plus channel 7 {3.5x1033) summing up to 1.36x1034 ozone
molecules.

For a number of 4 separate depressions per 4 days (Viezee et al. 1983), that is effectively
one depression per day, for the Northern Hemisphere a number of 5.0x1036 molecules ozone
per year is sucked downwards into the troposphere. This corresponds to a mean verlical ozone
flux of 6.2x1014 mol m-2s-1. The result compares with the values commonly assumed for the
Northern Hemisphere from 4x1014 to 10x1014 mol m-2s-1 (Mahlman et al. 1980, Ebel et al.
1991). Taking 180 cyclones per year for the Northern Hemisphere (Kletter 1972) a lower
flux of 3.1x1074 mol m-2 s-1 results.

The above simple estimate gives not only an idea about the benefit of the analytical model,
when properly used, but also about the importance of the ETC's for the transport of trace gases

from the lower stratosphere to the troposphere.
(c) Estimation of upward fluxes

For vertical transport around a depression the time scale for upwards transport is about one
day and for downward transport about two days. The difference is due to the effect of the release
of latent heat in the ascending air.

The air in the boundary layer and lower tropospheric air in the warm moist conveyor belt
represents a channel of sucking with a width of about 500 km and a height of 1 km and a relative
velocity of 10 ms-1. Suppose a trace gas with a concentration of n mol m-3. That means a flux of
nx5x10% mol s-!. Suppose a chemical time scale longer than one day and a depression
with an active pumping time of two days. Such a depression transports 8.64x1014xn molecules.
Suppose one day for air to travel upwards from the boundary layer up to the upper troposphere.
In one day the horizontal displacement of a standard cyclone is (10 m s-1 taken as mean
velocity) about 850 km. Therefore, due to the movement of the cyclone, the boundary layer air
is deposited in the upper troposphere roughly 1000 km away from the place of the intake in the
direction of the track of the depression and ahead of the depression. Hence, trace gases with life
times of hours 1o days participate in the chemical processes of the upper
troposphere. Table 3 lists a number of trace gases probably important for the chemistry in the

upper troposphere.
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TABLE 3. Trace gases important for the chemistry in the upper troposphere.

tracer name residence time

CO carbonmonoxide 10 days-several months
H>0 water vapour 8 days

CoHy etheen 1 day

HCHO formaldehyde three hours
NOL(NO+NO5) odd nitrogen 2 days

PAN peroxyacetylnitrate 1 day-1 month
NH3z/NH4+ ammoniak/ammoniurm 10 days

SO, sulphurdioxide 2 days

HNO; nitricacid 1 day

CS, carbondisulfide weeks

Aerosols < 5 days {radius 10-3 - 102 um)

ETC's occur most frequently and are most intense above oceans. The rapid transport of
cyclones from the boundary layer and lower troposphere to the upper troposphere implies that
good agreement should exist between the mixing ratios of the marine boundary layer and the
upper froposphere. This is illustrated in Table 4 (Warneck 1988). The drop of a factor 3 of
HCHO could be understood from the relative short lifetime of three hours.

TABLE 4. Mixing ratios (ppbv) of trace gases in the boundary
layer and the upper troposphere (Warneck 1988).

boundary layer upper troposphere
tracer marine continental
CcO 1x102 2.5x102 1x102
NO» 0.03 2 0.03
50, 0.05 2 0.05
HCHO 0.3 2 0.1
NH;3 0.1 4 0.1

Interesting for the chemistry is that a part of channel 1, the warm moist conveyor belt,
mixes up with dry stratospheric air. This is due to mixing processes by instabilities,
convective and shear, and/or gravily waves generated at the bifurcalion surfaces between the
two channels. The jump in velocity and temperature across this surface may lead to Kelvin-
Helmholtz instabilities (e.g. Kelder and Teitelbaum 1991) and these instabilities generate
mixing. The ozone rich stratospheric air can accelerate chemical reactions through enhanced OH
production. This is a consequence of enhanced O('D) production by ozone photolysis followed by
the reaction O('D) + HoO — 20H. To complicate things further the involved tropospheric air is

moist or even saturated that means that part of the chemistry changes to wet chemistry.
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Moreover, in channel 4 cirrus may be formed leading to heterogeneous chemistry in that region.
That means that air of stratospheric and troposperic origin mixed during one to fwo days and
reacting with complex chemistry returns ‘processed’ to the lower stratosphere and the upper
troposphere.

For a cut-off low some comparable chemical consequences of the mixing of stratospheric and
tropospheric air have been discussed in Bamber ef al. {1984).

Another point of importance is that clouds exist in both the warm and cold conveyor belt. That
means that lower tropospheric and boundary layer air is pumped through a cloudy environment.
During one or two days wet chemistry occurs in these air masses and then the air in the cold
conveyor belt returns into the the lower troposphere while the warm conveyor belt put the air
into the upper troposphere and perhaps the lower stratosphere. Moreover in both conveyor
belts precipitation takes place. Hence certain species will be removed by wet deposition during
the transport and deposited on the ground or in underlying atmospheric layers.
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5. Discussion and conclusions

it is concluded that with the derived simple analytic solution most of the essential
characteristics of developing ETC's including the (sub)synoptic air flows can be described
conceptually. The solution resembles qualitatively observational studies and high resolution
integrations as presented in the literature. The special kind of simplification applied in the
model contributes considerably to an easy understanding of the behaviour and (sub)synoptic
structure of the ETC and is well suited for educational purposes because the model can be easity
run with varying parameters and graphical display on personal computers.

The model consists of two nonlinear equations, one for the maximum wind speed vy, of the
circular disturbance, and the other for the angle ¢, at which the thermal field is differentially

wrapped up. The solution contains the self-development and self-limiting processes of the ETC
(Palmen and Newton 1969 P.326 Fig.113). The scale dependent structure of the asymptotic
solution for large time (Subsections 2(d) and 3(b)) is not contradicted by the observational
and theoretical evidence i.e. that strong spiralling of the thermal field and vertical velocity
pattern occur in an environment having low effective static stability and tow surface friction,
that large scale cyclones of strong intensily can be expected in an environment with strong
baroclinic background flow, low effective static stability and low surface friction, that small
scale cyclones occur in an environment with low effective static stability and small layer
thickness, that strong vertical velocity occurs with strong baroclinicity, low effective static
stability and small layer thickness.

The trajectories of the analytic solution in the vy-6m space indicate two types of cyclone
development namely type A and type B as described by Petterssen and Smebye {1971).
Although for type A the initial relative vorticity of the mean flow is small, due to the relalive
vorticity in the thermal field there is advection of positive vorticity above 600 mb in
agreement with the comment of Uccellini (1990 P.86).

in the initial development stage the solution displays a case-to-case variability, but not in
the mature stage. That agrees with the statement of Petterssen: 'ETC's are born in a variety of
ways, but their appearance at death is remarkably similar' (Uccelliii 1930 P.100).

Calculations of relative streamlines of a stationary moving cyclone and calculations of
trajectories of a developing cycione towards the mature stage reveal the existence of seven
relative flow regimes separated by bifurcation surfaces which, in case of the developing cyclone
change in time. The regimes are characterised by two flows of the environment only slightly
influenced by the depression, by two upward flows around the core of the depression, one ending
in the upper troposphere (warm moist conveyor belt), and the other flowing northwards and
westwards around the depression descending back from the middle troposphere into the
boundary layer (cold moist conveyor belt}, by two downward flows from the low stratosphere
and the high troposphere around the core of the depression, one ending in the boundary layer,
and the other participating in the return flow over the warm conveyor belt to the upper
troposphere and lower stratosphere, by one horizontally and vertically circulating flow in the
core of the depression suggesting a mixing of stratospheric and tropospheric air. The downward
flows featured a kind of tropopause fold (Shapiro and Keyser 1990).

The conceptual picture of the 7 subsynoptic flow regimes by the model shown in Fig.7
proves to be very useful to detect the flow regimes with the associated transport of trace gases
of 6-hourly ECMWF analyses, currently in use at KNMI, in cases with developing ETC's.

The obtained spatial structure and three-dimensional air flows suggest that the scales in a
cyclone range from thousands of kms to tens of kms and vertically from tens of kms to hunderds
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of meters. This means that only high resolution grid point models with horizontal grid distances
down to tens of kms and vertical distances down to hunderds of meters are really capable to
describe the observed atmospheric transport in depressions accurately. For that reason,
quantitative results of the highly truncated model must be interpreted with care. For instance,
diabatic effects, having impact on the mesoscale flow, are simply taking into account by a
lowering of the constant static stability for the whole depression. This approach is reasonabie 1o
incorporate the release of latent heat in the ascending air on the subsynoptic scale. Concerning
the descending dry air in general in the upper part of the troposphere a lowering of the static
stability takes place due to stretching and in the lower troposphere and boundary layer due to
destabilisation by the transport of sensible heat when the cold air moves southwards over a
warm sea surface. However, the real effective value of the static stability in the descending cold
air generally differ from the effective value in the ascending moist air. Indeed, daily weather
maps of ECMWF with vertical velocities show that each cyclone have a couple of areas with
upward and downward movements consistent in location and shape with the analytical model but
the intensity of the upward velocity mostly is a factor 2 higher. This is also shown by Heijboer
(1977 P.54 Fig.13) and Rogers and Bosart {1986} for the incipient, explosive and mature
stage of the bomb on the North Atlantic Ocean. However, it is believed that qualitatively the
three-dimensianal picture found with the analytical mode! is not essentially changed on the
subsynoptic scale. This is further confirmed by an investigation of the depression on 9 January
1991 with 6 hourly ECMWF analyses carried out by van Beeck (1881} which revealed
essentially the same configuration but with weaker downdrafts.

With respect to the complete life-cycie of ETC's it has 1o be remarked that the
observationally observed decay is not treated by the analytical model. The development is
stopped by the 'quadratic’ surface friction of which the constant K; in (25} linearly depends on
the speed vy, of the disturbance. Thus asymptotically an equilibrium is reached between the
cycione and the background flow. However, it is noted that in the core due to mixing, the thermal
conirasts between the air particles decrease and the advection of the thermal vorticity by the
thermal wind, being the main vorticity production term in (1), is destroyed. This process is
not taken into account and should be further addressed. Another poin is the variability of the
background flow and the exisltence of other disturbances (cyclones and anticyclones) which can
influence the behaviour of the depression. In practice, it is frequently observed that the decay of
a depression is favoured when another developing young frontal wave enlers the area of the old
depression. The spatial structure of the background flow also influences the decay. Nonlinear
accurate high resolution integrations using as initial conditions a zonal flow plus a small
amplitude normal mode carried out by Simmons and Hoskins (1980) reveal that the kind of
decay depends on the spatial structure of the background flow. Two characieristic life-cycles
are found namely either anticyclonic wave-breaking or cyclonic cutoff at upper levels (Hoskins
1983, 1990, Thorncroft and Hoskins 1990}. The solution of the analytical model shows some
resemblance with the case of cyclonic cutoff.

For the calculation of the three-dimensional trajectories a nondivergent horizontai wind has
been taken. It is shown by numerical integrations of quasi-geostrophic and primitive equations
by Mudrick (1974), nonlinear integrations of Eady-waves by Hoskins (1976) and Hoskins and
West (1979) that the advection by the divergent part of the horizontal wind is important for
the development of real fronts. However, il is noted that in the semi-geostrophic version of the
mode! ageostrophic horizontal advection is implicitly taken into account. Therefore, the
essentials of the flow regimes of Fig.7 are nol changed when they are translated back into the
physical space. The configuratlion of Fig.7 is supported by the investigation of the relative
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trajectories of the situation on 9 january 1991 calculated with the three-dimensional winds of
the ECMWF analyses (van Beeck 1991).

The mixing between flow regimes which takes place near the bifurcation surfaces on smail
scales through convective and/or shear instabilities {conditional symmelric and Kelvin-
Helmholtz) is not treated by the model. These processes will be further investigated on real
cases based on ECMWF analyses.

Cyclones are important for the transport of air at midlatitudes. The eslimated ozone
transport by a depression and the total fransport of ozone in one year, described in this paper,
learn that ETC's are among the most important mechanisms for the transport from the
stratosphere down into the troposphere.

The number of depressions in one year varies with a factor of two between different authors.
More knowledge of the variability from season to season and from year to year of the number ot
depressions, their imensity, distribution and tracks is needed. The difference in occurrence
above the oceans and above the continents has also 1o be explored further. This has to be done
both for the Northern and the Southern Hemisphere. This variability should have conseguences
for the ozone budget both in the stratosphere and troposphere.

The importance of the upward flow from the boundary layer 1o the upper troposphere and
maybe lower stratosphere, clearly revealed by the model, for the chemistry of these layers
should be further explored. That boundary layer air can take part in upper tropospheric
chemistry within one day after transport through an environment with clouds and precipitation,
certainly has consequences for the composition of the upper troposphere.

It is not clear if the vertical transport by ETC's can be parameterized in chemical tracer
models with a coarse resolution such as Moguntia (Crutzen and Zimmermann 1991). Trajectory
calculations with the model suggest that the air particles in the core of the mature depression,
which have been drawn in from the environment during the development, originate from very
different origins partly from the low siratosphere and high troposphere in the western part of
the channel and partly from the boundary layer and low free troposphere in the eastern part of
the channel. That means that horizontal and vertical mixing are intertwined. This item also

needs further investigation.
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8. Appendix
(a) Equations for vy, , ¢m and k
The nonlinear relationships are derived with the aid of the surface integrals of the enstrophy

equations for the mean flow and the thermal field. Therefor, the vorticity egs. of the mean flow
(1) and thermal field (2), formulated in the system relative frame with speed Uy, are

multiplied by Ayg and by Ayr, respectively. They read:

En=Emt + Em2 + Em3 + Ema =0 (A1)
with

Em1 = dtl{Awg2)/2}, (A2)
Emz = Jwa , (Awg?)/2), (A3)
Ema = Ayg-Grrd(yT, Ayr), (Ad}
and

Emg = fo-Ki/dp - Ay Ayg. (A5)
Er=Ery +Eto+Era + Eva+ ET5 =0 (AB)
with

Ery = ar{{awr2)yel, (A7)
Ere = J(wg . (AyT2)/2), (A8)

Era = Ayr-J(y1 , Ayd) . (A9)

Ers = 2f5/(dp-G2)-om-AYT , (A10)
and

Ets = - fo-K¢/(dp Go)-Ays.AyT. (A11)

Defining the surface integral Is(f) as
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oo

| (f) = rsz. Tf r, dodr,

5

ry =0 ¢ =0
(A12)
En, and E7 satisfies
Is(Em) = Is{Em1) + Is(Em2) + Is{Em3} + Is(Ems4) = 0, (A13)
and
Is(ET) = Is(ET1) + Is(ET2) + Is(E7a) + Is{ET14) + Is(E75) = 0. (A14)

The prognostic equation for vy, and the diagnostic equation for k are obtained by the substitution
of the analytic expressions for ywg and w1 given by {12} and (19) and the evaluation of the
integrals using the formula for the integral I{p,q) defined as

= P Qa.2.a9
I{p,q) = jr1 .exp( 5 r1 +=) dr1
-0

2
T
{A15)
with I(1,q) = 1/g-exp(g/2) , {(A16)
the recurrence relationship
I{p.q) = (p-1)/q-{p-2.9), (A17)
and the general expression
I(p.@) = (p-1)/a-(p-3)/a-(p-5)/a-  -2/ql(1.q) (A18)

with integer p=3, 5, 7, .... andqgq=> 0.

With the aid of (A2)-(A5), (A7)-(A11), (A12) and (A18) the surface integrals of (A13) and
(A14) can be calculated and become

Is(Em1) = T Tm2-Vim dtv¥m/Tm2-2-8, (A19)
Is(Em2) =0, (AQO)
(A21)

Is(Ema) = - ©1:rn2-GrUrevm/tm? .om 3-€,
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Is(Ema) = T Tm2-Vm2/rm2fo-Ki/dp - 2-e, (A22)
Is(ET1) = T-tm2 Ut2/rm2.910m-(3-€0m+3/8-22-0m3) (A23)

le(ET2) =0, (A24)
I(ET3) = T rm2 U2V /Tm3-0m-3-€, (A25)
I(E1a) = - T Tm2 Kmog U2V m/Tm-0m-(1-k}-e (A26)

I(ETs) = T-Im2-fo-Ki/(dp-G2) UT2/1m2(3-€4m2+3/16-22.0m4), (A27)

with

Kimod = 4 f2/(dp2-6*.Gy). (A28)

From (A13) the prognostic equation for v, Is derived

IVm = 32.-G1 Ur2/rm-om - fo- Ki v l/dp-vpm, {A29)
with K; dependent on v, according to

Kt = Kt [Vml- (A30)

The prognostic equation for ¢, given by (23) reads

dtbm = KDV /T (A31)
From (A14) and using {(A30} and (A31) the diagnostic equation for k{t} is obtained
k(t) = {Kmod Tm2-3 - fo -Ki/(dp-Go) Fm-|Vm|/Vm (36, +3/16-€-0m3)}

/(Kmod Tm2+3+3/8-e0m2). (A32)

{b) Three-dimensional wind

It is assumed that the complete horizontal wind rotational as well as irrotational linearly
depends on p. The linear function G satisfies G=1 for p=py, G=0 for pm~{pu+ps)/2 and G=-1
for p=ps. Then using the continuity equation with the boundary conditions w=0 for p=p, and
p=ps and the demand that the integral of G from p, to ps is zero, it follows that
V-V = 0. {A33)
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The vertical velocity o satisfies

® = (V-Vr) [G(p)dp (A34)
and the vertically averaged o
om = (V-V7)/(ps-pu)- Jl {G(p)dp}idp. (A35)
It is shown using (A34) and (A35) that
w = 3/2-(1-p12)-0m (A36)
with a dimensionless pressure coordinate pi

(A37)

pr=- G{p) = 2:(p-Pm)/{Ps-Pu)-

For the computation of the horizontal wind components u and v the rolational part is taken,
satisfying:

U = um(xyt) - proutyi) (A38)

v = v (Gy D - prvT{yD). (A39)

Dimensionless coordinates xq and yq are introduced as

X1 = (X-Upn U/fm, Y1 =y/im with x4 =r;.cos¢, yy=r1-5iN0. (A40)

r{ satisfies

ri= ¥{x12+y1?). (Ad1)

With the aid of (11) and (A40) it is shown that

Un = - dy¥m = Up - 1/rm-dy1ya, (A42)

Vm = Ox¥m = 1/Tm-dx1yd. (Ad43)

The components of the thermal wind can be wrillen as

up = dywr = - vt = Vrm gy, (Ad4)
(A45)

VT = 0xyT = dx1WT =1/m dx1yT.

Using (14) it easily follows that
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dx1E = -x;-E, dy1E = -y -E. (A46)
Defining the quantity H as
H=E -, (A47)
one obtains from {A46)
dx1H = -x1.H, dy1H = -y1-H. (A48)
Now taking (19), (21) and (22) and using {A40) yTis expressed as
WT = Im (-UT y1-cosH+Ur x4 -sinH). (A49)

From (12), (17), (19), (21), (22), (A36), (A37), (A42)-(A45) the three dimensional
wind consisting of u-, v- and w-components reads

u(xq1,y1.P1.) = Un - V- ¥1-E - pr-{Ur-(x1-y1-H+1).cosH +Ur-y12-H-sinH}, (AS0)
v(X1,¥1.P1t) = Vim + Vi X1-E + py-{U7-(x1-y1-H- 1 ) sinH+UT-x42.H-cosHj, {A51)

w(xy y1,p1,) = -3f5-(1-p12}/(6*-dp)-(1-K)-vm Ur-E(x1-cOsH-yy-sinH). {A52)
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Figure Captions

Figure 1{(aj.
Wave in the thermal field associated with rows of circular cyclones and anticyclones for small

om and vy (wg thinly drawn, y1 bold).

Figure 1(b).
As Fig.1(b) but for a rectanguiar sine-wave with Ly=2-1 and Ly=4-rn.

Figure 2.
Relationship between the average values of the static stability o5.aq. for the layer 300-850 mb

as function of the saturated potential temperature 65 at 1000 mb.

Figure 3.
Numerically computed heigth zg of 1000 mb (bold), thermal field z71 (solid}, and vertical

velocity o, (dashed) valid for t = 6 hours using Egs. (1), (2) and (3). Contour intervals are
40 m for zT and z¢, respectively and 50 mb/12hrs for mm.

Figure 4.
Comparison of the analytical mode!l with the numerical model VIMOLA.

Composite of numerically computed zs (bold), zt {solid} and wy (dashed) valid for t = 18
hours. Contour intervals are 20 m for zg and z7, respectively and 50 mb/12 hrs for om.
(a) Numerical model VIMOLA. (b} Analytical model.

Figure 5(a}.
Computed central pressure fall during 24 hours at sea level according to Egs. (24) and (26) of

the analytic solution starting from the initial values ¢m = 00 and vy = 1 m s-1 with values of
the background flow Ut = 10 m s-1 and 6" = 2.2x10-7 kg2 m# s-2 (solid) , Ut = 14 m s and
6’ = 6.5x10-7 kg-2 m# s-2 at the most unstable radius ry, (dashed dotted) and Uy =10ms-! and
6’ = 6.5x10-7 kg-2 m4 s-2 at the most unstable radius rm (dashed}. Bold dashed is the

threshold 1 Bergeron at 450 N.

Figure 5(b).
As Fig. 5(a) but for the maximum wind speed vy of the circular disturbance.

Figure 5(c).
As Fig. 5(c) but for the angle ¢, at which the thermal field is wrapped up by the circular

disturbance.

Figure 6.
Trajectories of the solution in the ¢m . vm Space determined by (24) and (26) for rp, = 500

km, Ur = 10 ms! and o* = 2.2x10-7 kg2 m4 52, The positive ¢m-axis corresponds to the A-
development and the positive vp-axis to the B-development (Petterssen and Smebye 1971).
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Figure 7.
Three-dimensional qualitative view of the seven subsynoptic relative flow regimes according to
the calculation of relative streamlines of the cyclone of the analytical model. The channel is
directed from west to east and bounded by 200 mb and 1000 mb (solid streamlines). The
intersection of the vertical cross-section at the eastern and western sides of the channel wilth
the bifurcation surfaces, separating the flows, is denoted by bold solid lines. The tropopause of
the model is indicated by the straight bold line at the western side of the channel.

Figure 8.
Isobars (thick solid) and isotherms (thin lines) by the analytical model at the lowest level

{p=ps) starting with straight isotherms and a circular disturbance.
(a) t=0 hours. (b) t=12 hours. {(c) t=24 hours. {d) t=36 hours.
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Figure 1(b).

Figure 1(a).

Figure 1{a).
Wave in the thermal field associated with rows of circular cyctones and anlicyclones for small
Om and vq (wg thinly drawn, w1 Gold).

Figure  1{b).
As Fig.1(b) bul for a rectangular sine-wave wilh Ly=2-1; and Ly=4.ry .
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Figure 2.
Figure 2.

Reclalionship between the average values of the slatic stabilily g aq. for the layer 300-850 mb

as function of the saturated polential temperature 95 at 1000 mb.
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_____ wm>0 (mb/12hrs)
mmem— S0 {mbB/12hrs}

Figure 3.

Figure 3.

Numerically computed heigih zg of 1000 mb {bold), thermal field zy (sofid), and vertical
velocily we (dashed) valid for L= G hours using Egs. (1), {2) and (3). Conlour intervals are
40 m for z7 and z., respectively and 50 mbi12hes ol wm.

S

~

—— 25 (M) ———zy (m) =18 (h) z5 (M) zr (M) 1=18 (h)
‘ eme= wm>0 {mb/12hrs) e wm>0 (mbl12hrs)
Figure 4(a). ----- wns0 (mb/12hrs) Figure 4(b). - wm<0 (mbii2hrs)

Figure 4(a}.

), z7 (solid) and wm (dashed) valid for 1 = 18

Compasite of numerically computed z; {kold
respectively and 50 mb/12 hrs for wm.

hours. Contour intervals are 20 m for zg and 27,

Figure 4(b).

As Fig. 4{a) but for the analylic solution.
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Figure 45{a). Figure 5(b).

Figure 5(a).
Computed central pressure fall during 24 hours al sea level according lo £gs. (24) and (26) of

the analytic solution slaiting from the inilial values e o= 09 and vy = 1 m s-1 wilh values of
the background flow Uy = 10 m 5! and ¢ = 2.2x107 kg2 m* 52 (solid) , Ur = 14 m st and

6.5x10-7 kg2 m#* -2 al the most unslable radius r, (dashed dotled) and Uy = 10 m 51 and

Uc

g =
a’ = 0.5x10°7 kg2 mA 52 at the mosi unsiable radius 1, (dashed). Bold dashed is the

thieshold 1 Bergeron at 4590 N.

Figure 5(b).
As Fig. 5(a) but for the maximum wind speed v, of the circular disiurbance.

Pm

Go
407 .
P
-2 dntegration Ume (hy —+
O [ erinZ o0 . R . . . ,
0 24 48 72 56 120 144 168 192
Uy=10 ms'1, 0'=2.2x10-7 kg-2mis2
AAAAA Ur=14 ms!, 0°26.5x10+7 kg-2mis2
{most unstable radius rpy) )
------- Ut=10 ms't, 0°=5.5%10+7 kg-2mdst
Figure 5(c).

Figure 5{c). .
As Fig. 5{c) bul for lhe angle oy at which the thermal field is wrapped up by the circular

disturbance.
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Figure 6.

Trajeclores of the sclution in the ¢ . v Space determined by {24) and (26) for 1y = 500
km, Ut = 10 m ¢! and ¢” = 2.2x10°7 kg-2 m* s-2, The posilive am-axis corresponds o the A
development and the positive vy-axis (o the B-development (Pelterssen and Smebye 1971).
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Figure 7.

Three-dimensional gualitative view of lhe seven subsynoplic refative flow regimes according o
the caloulation of relative streamlines of the cyclone of the analylical model. The channel is
directed from west 'o east and bounded by 200 mb and 1000 mb (solid streamlines). The
intersecticn of the vertic alcross-secﬁon at the easlern and western sides of the channel with
the bifurcation surfaces, separaiing the fows, is denoted by bold solid fines.The tropopausc of
the mode! is indicated by the slraight bold line ai the western side of the channel.
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Isobars {thick solid) and isotherms {thin lines) by the analytical model at the lowest level

(p=ps) starting with straight isotherms (Ur= 10 ms-1) and a circular disturbance

(Vm = 15 ms 1)

(a) t=0 houis. {b} t=12 hours. (c) =24 hours.(d) t=36 hours.



